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Abstract. This paper describes the construction of a canonical compactifi- 
cation of the space of trajectories and of the unstable/stable sets of a generic 
gradient hke vector field on a closed manifold as well as a canonical structure of 
a smooth manifold with corners of these spaces. As an application we discuss 
the geometric complex associated with a gradient like vector field and show 
how differential forms can be integrated on its unstable/stable sets. Integra- 
tion leads to a morphism between the de Rham complex and the geometric 
complex. 
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1. Introduction 

This paper gives a detailed description of the construction of a compactification of 
the space of trajectories and of the unstable/stable sets of a gradient Uke Morse- 
Sniale vector field on a closed manifold M as well as of a canonical structure of a 
smooth manifold with corners on these spaces. The property of a vector field being 
Morse-Smale is generic. 

As an application the paper discusses the geometric complex associated with such a 
vector field. This complex calculates the cohomology of M and is most commonly 
known as Morse complex, referring to the case where the vector field is the gradient 
of a Morse function w.r. to a Riemannian metric of M . Using that the constructed 
compactification of the unstable sets are a smooth manifold with corners one can 
show that a canonical integration map from the de-Rham complex to the geometric 
complex induces an isomorphism in cohomology. For further applications see e.g. 
[1], [2], [7], [M], [15], (36 



The results presented in this paper are known, compare [8], [18], [19], [20], [28]. 
The aim of this paper is to give a new and self contained treatment of them. 
Due to its comprehensive exposition the paper can be used as part of a course on 
Morse theory on finite dimensional manifolds. At the beginning of each section we 
summarize its contents and provide some references. Section [2] and Section |3] can 
be read independently. This paper is a chapter of a book in preparation on the 
Witten deformation of the de Rham complex where it will be incorporated. 
Professor Dan Papuc is a mathematician interested not only in mathematical re- 
search but also in teaching mathematics to interested students. During many years 
of friendship he has encouraged the first author to give graduate courses on various 
topics and provided him with a number of opportunities to do this. With this in 
mind we dedicate this paper to him on the occasion of his 80th birthday. 

2. Gradient-like flows 

Ideas from dynamical systems can be used to investigate the diffeomorphism type 
of a closed manifold. Let /i be a Morse function on a closed Riemannian manifold 
M with Riemannian metric (7, and let X = — grad^/i be the gradient vector field 
of h with respect to the metric g. Note that the rest points of X coincide with 
the critical points of h. Trajectories t ^{t) of X originate (as t -co) and 
terminate (as t +00) at critical points. In physicist's lingo, these trajectories 
are called instantons. Denote by W~ [W+] the unstable [stable] manifold of X at 
the critical point v of h. They are sets of all points that lie on trajectories that 
originate [terminate] at v. As any point of M lies on exactly one trajectory of AT, 
and each trajectory originates at a critical point of /i, the unstable manifolds W~ , 
V e Crit(/i) are the cells of a decomposition of M. These cells are open in the sense 
that they are the image of a smooth embedding of M.'' for some < fc < n. Here by 
Crit(/i) we denote the set of all critical points of h. Notice that the dimension of W~ 
equals the index of the critical point v. To use this decomposition for describing 
the diffeomorphism type of a manifold, one needs the additional condition that 
unstable manifolds W~ and stable ones W+ intersect transversally. It is called the 
Morse-Smale condition. In general, the gradient vector field X does not satisfy this 
condition. However, Smale showed in [Sml] that one can find an arbitrarily small 
perturbation g' of the (arbitrarily) given metric g in such a way that X' = — grad^/Zi 
satisfies the Morse-Smale condition. 
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One can use the cells W.^ to construct a chain complex ol finite-dimensional spaces, 
called the geometric complex. Typically, they are not compact. To relate the de 
Rham complex to the geometric complex one has to be able to integrate differential 
forms over W~ and to use Stokes's theorem. For doing that, one needs to compact- 
ify the cells. We will discuss a canonical compactification of the unstable manifolds 
in section 4. 

Throughout this section, our approach is based on reducing our investigation to the 
analysis of the objects under consideration near critical points. In neighborhoods 
of these points, we will use local coordinates that are convenient for our purposes. 
Among the many existing references we mention [4], [16], (24|, [25], [28] - [31], [35] 
and references therein. 

2.1. Morse-Smale pairs. Let M be a smooth, connected manifold of dimension n. 
A point V € M is said to be a critical point of a given smooth function ft, : M — !■ M 
if the differential d^h at v vanishes. The set of critical points u,v,w,. . . of ft. is 
denoted by Crit(ft). The function ft is a Morse function if the Hessian d^h at any 



critical point of ft is nondegenerate. According to the Morse Lemma - see 24 



25 and [16| there exist coordinates xi, ...jXri around any critical point w of a given 



Morse function h so that 



o 1 



h{x)^h{v)--Y,x^^ + ^ E "^l (2.1) 

Hence, any critical point of a Morse function is isolated. In particular, if M is a 
compact manifold, a Morse function ft : M — E has only finitely many critical 
points. The Hessian d^h of ft at u is a quadratic form on the tangent space TyAI 
of V at M . We denote by i{v), < i{v) < n, the index of d'^h which is defined to 
be the maximal dimension of a subspace of TyM on which d^ft is negative definite. 



One can read off the index from the representation (2.1 1 of ft, i{v) = k. 

Let X be a smooth vector field and let x E M. By the existence and uniqueness 

theorem for the initial value problem of ODE's there exists T > so that 

^^^t(x) = X i^x)) ; M^)^x (2.2) 

has a unique solution $t(a;), defined for \t\ < T. By the theorem on the smooth 
dependence of the solution ^t{x) on the initial data it follows that for any p G M 
there exist a neighborhood U oi p and T > so that for any x € U the solution 
$f(a;) exists for \t\ < T and that it is smooth in {x,t) £ U x {-T,T). $t(a;) is 
referred to as the flow induced by X whereas the solution 1 1— $t(x) is referred to 
as parametrized trajectory of X. The set of points of a parametrized trajectory is 
sometimes called an unparametrized trajectory or an orbit of the vector field X. 
In what follows we will often use the term 'trajectory' without further specification 
within a given context. If not stated otherwise we will always assume in the sequel 
that X is complete , i.e. that the flow induced by X is deflned for any time t e M. 
In this case $ : M x M — > M, {x,t) i— > <I>t(x) is smooth. Using the local existence 
and uniqueness theorem for ODE's one can show that in the case when M is closed, 
any smooth vector fleld is complete - see e.g. [T7| . 



By the uniqueness of a solution of the initial value problem (2.2 1 one has for any 

X € M and t,s eR 
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It follows that for any ^ g E, $( : M — > M is a diffeomorphism with inverse given 
by In the sequel, the following standard models will be considered. For the 

manifold M we choose M" and the Morse function is given by 

hu{x):=-\\\x-f + \\\x+f (2.3) 

where G MJ"' x W^~^ and 

k n 

\\x-r = Y^xj and Wx^'^Y^^l 

1 k+l 

Note that the origin in M" is the only critical point of hk and that its index is equal 
to k. The vector field is then chosen to be the gradient vector field of —hk with 
respect to the Euclidean metric on M", 



k+l 



^0 



Clearly, X^^\hk){x) ^ -\\xf < for any x G M"\{0}. These models motivate the 
following definition. 

Definition 2.1. A vector field X is said to be gradient-like with respect to a Morse 
function h (in the sense of Milnor [25| ) if the following properties hold: 

(GLl) X{h){x) < VxG M\Cnt(h). 

(GL2) For any critical point v € Crit(/i) there exist an open neighborhood [/„ of 
V and a coordinate map (p^ : Br ^ Uy from the open ball Br = i?r(0;K") 
with center and radius r = r(v) > onto Uy so that h and X , when 
expressed in the coordinates xi, . . . , Xn take the form 

^ ^ n 

{hoLpy){xi,...,Xn)^h{v)- -'^x] + - ^ x] (2.5) 

1 i(v) + l 

and 

{'plX){xi,...,Xn)=^Xj—- Xj— . (2.6) 

1 ^ i{v) + l ' 

We refer to the charts {Uy,ipy),v e Crit(/i), as standard charts of the pair (/i, X) 
and to the coordinates cci, . . . , a;„ as standard coordinates. We will always choose 
Uy, V G Crit(/i), sufficiently small so that they are pairwise disjoint. 
For a gradient-like vector field, h decreases along a trajectory 1 1— >■ ^t{x) and hence 
it is a Lyapunov function for the flow. More precisely, for any x € M\Crit(/i) and 
any t e M, 

j^h{Mx)) = x{h) iMx))<o. 

In particular, it follows that any point xq is a zero of X if and only if it is a critical 
point of h. 

As an example we mention the case where the vector field X is given by the gradient 
vector field X = — grad^/i with g being a Riemannian metric on M. In local 
coordinates xi, . . . ,Xn, the components of the gradient of —h, — grad^/i, are given 
hy Xi — — J2l=i 9^''^3:j ^ where 5*^ are the entries of the inverse of the metric tensor 



ON THE SPACE OF TRAJECTORIES 



5 



(gki) of .g. Then X{h){x) = -\\dji\\^ < on Af\Crit(/i), i.e. (GLl) is satisfied. 
To make sure that (GL2) holds as well we need to make an additional assumption. 
We say that the pair (h, g) is compatible or that g is /i-compatible if for any critical 
point V oi h there exist a neighborhood Uy of v and a coordinate map (py ! Bj- — y Uy 



so that when expressed in the coordinates xi, . . . ,Xn, h takes the form (2.5) and 
ip*g is given by the standard metric on Br, i.e. 

gij{x)^Sij Vl<i,j<n. 

Clearly, if g is /i-compatible, then (GL2) is satisfied. Using an appropriate partition 
of unity for M one can prove that for any given Morse function h, /i-compatible 
metrics can always be constructed. In fact, any gradient-like vector field X is a gra- 
dient vector field with respect to an appropriately chosen, /i-compatible Riemannian 
metric g on M. 



Lemma 2.1. Let X be a gradient-like vector field on M with respect to a Morse 
function ft, : M — > M. Then there exists an h-compatible Riemannian metric g on 
M so that X — —giadgh. 

Proof. Let U be the open neighborhood of Crit(/i), U — Uy£Ci-it(h)Uy, where (C/^)i,gciit 
are pairwise disjoint coordinate charts of the critical points u of /i so that for any 
V G Ciit{h), Uy satisfies the properties stated in (GL2) of Definition 2.1 Let g' be 
a Riemannian metric on M so that for any v € Crit(ft), the pull back of ip^g' of 
g' by the coordinate map (fiy : Br —?' Uy of (GL2) is the standard metric on Br- 
Furthermore, let N be an open neighborhood of M\U so that A'^ C X\Grit{h). In 
particular, X{h){x) < for any x ^ N. Note that for any x G N, the tangent space 
TxM decomposes as a direct sum T^M = Vx (B {X{x)) where {X{x)) denotes the 
one dimensional M- vector space generated by X{x) and Vx denotes the kernel of 
dxh,Vx = G TxM\dxh{^) = 0}. As X and —giadg,h agree on U it follows from 
(GL2) that for any x in N DU, the positive number —X{h){x) is the square of the 
length of X{x) with respect to the inner product g'{x) and X{x) is orthogonal to Vx- 
Now define a new Riemannian metric g on M as follows. For u € U,g{x) := g'{x) 
whereas for x G M\U,g{x) is determined as follows. The restriction g{x)\v^ is 
given by g'{x)\Y^,Vx and {X{x)) are orthogonal and the length of X{x) is equal 
to ^y—X{h){x). As —X{h) is strictly positive on N, g{x) is positive definite. In a 
straightforward way one verifies that g is a smooth Riemannian metric on M with 
X — — gradg/i. □ 



Many gradient-like vector fields are complete. Indeed it is not hard to show that 
X is complete if ft is a proper function, X a gradient-like vector field with respect 
to ft, and X{h) bounded on M. (Recall that ft is said to be proper if the inverse 
image of any compact set is compact.) 

Let us now come back to the standard models introduced earlier where the manifold 
M is M" and the Morse function ft is given by hkix) = -\\x~\\^/2 + \\x+\\^/2 with 
X = {x^,x^) e M'' X M"^*^ for some < k < n. The gradient vector field of ftfe 
with respect to the Euclidean metric go on M" is then given by 

1 ^ k+l ^ 
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and the initial value problem (2.2) takes the form 

^^{x-{t),x+{t)) = {x~{t),^x+{t)) ; (x-(0),x+(0)) - {x-,x+). 

The corresponding flow ^['^\x) = {x^{t), x^{t)) is then obtained by a simple inte- 
gration 

$W(a;) = (e*x-,e-*x+) (2.8) 

and defined for any t G M. 
Introduce the subsets 

= Wl.''''^ -.^ {x e M." \ lim $f^(a;)=0}. 

The subset is referred to as the stable manifold of the critical point and is 
given by 

W+ = {{0,x+)\x+ e R''-''} 

whereas Wq is the unstable manifold of and given by 

^{{x-,0)\x- eR''}. 

The canonical models are used to describe features of a vector field X which is 
gradient-like with respect to a Morse function h on the manifold M. First note 
that whenever the limit x^c lim(_>.oo ^t{x) exists one has for any s G M 

(Xoo) = lim ^t+six) = Xoo, 



and it follows from (2.2 1 that X (xoo) = 0. As X is gradient-like, this then implies 
that Xoo must be a critical point of h. Similarly, one argues that whenever the limit 
limt_>._oo exists it must be a critical point of h. Denote by the stable 

and by W~ the unstable set of a critical point v E Crit(/i) with respect to the flow 

:= {x e M I lim $t(x) = v). 

i— >±oo 

As in the standard model cases discussed above it turns out that are smooth 
submanifolds of M. Before we state and prove this result let us introduce the 
rescaled vector fleld 

Y{x) ■■= - x{l){x) ^^''^ xeM\Cnt{h). (2.9) 

As X is gradient-like with respect to h and therefore X{h){x) < for any x E 
M\Crit{h), the vector field Y is well defined on M\Crit(/i) and 

Y{h){x) = -1 yxE A/\Crit(/i). 

Denote by the fiow of Y, i.e. 

^^.(x) = r(*,(x)); *o(a;) = X. (2.10) 
as 

Note that on M\Crit(ft), the orbits of X and Y are identical, but are traversed at 
different speeds. We will see that the vector field Y is not complete. For s with 
^s{x) defined, one has 



ON THE SPACE OF TRAJECTORIES 



7 



Hence, whenever ^s{x) is defined, we have 

ds 



M*s(a;))-M*o(a;)) = / ■^h{-^s'{x))ds' 





or 

hi'i'six)) ^ h{x) ~ s. (2.11) 
The point ^'^(a:;), when regarded as a point on the trajectory of X, coincides 

with .J,-) (x) where t{s;x) is the solution of the initial value problem ~ 
~ x{h){\',{x)) ^^'^ ^(0' = and given by 

r{s;x)^ f ^{X{h){^s'{x)))~'ds'. (2.12) 



Finally recall that a smooth map f : Ni N2 between smooth manifolds A^i 
and N2 is said to be an immersion [submersion] if d^f ■ TxNi — >■ TxN2 is 1 — 1 
[onto] for any x Cz Ni. An immersion / is said to be an embedding if / is 1 — 1 and 
■■ f[Ni) ^ N2 is continuous. The image of a 1 — 1 immersion / is a submanifold 
iff / is an embedding. 

Lemma 2.2. W~ and are smooth submanifolds of M which are dijfeomorphic 
to K*^^^ and M"^*(^) respectively. They are referred to as the unstable and stable 
manifold of v. 

Proof. We compare with the model case for k :— i{v) introduced above for 
which = M'' X {0} and = {0} x Note that the coordinate map 

(fiv : Br ^ Uy conjugates the flow $J ' of the model case with $t when properly 
restricted. Hence, given any x~ € M'^, it follows that $4 ((/3i,(e~*x~, 0)) is inde- 
pendent oi t > t- where t- is chosen sufhciently large so that (e~*x~,0) € Br- 
Similarly, for any 2:+ e M"^''', (</5d(0, e~*a;+)) is independent of i > t+ where tj^ 
is so large that (0, e^*a;+) e B^. Hence we can define 

: M*(^) M, x' ^ $t (v3^(e-*a;-,0)) 

and 

e+ : M"-^(") ^ M, x+ ^ $_t (v3„(0,e-*x+)) 

where for any x^ ^t is chosen so large that e~*a;* G Br. Note that on Br n , 
coincides with the restriction of Lp^ on Br H . Using that $t is a diffeomorphism 
one concludes that and 0^ are smooth immersions which map trajectories of 
the model flow ^j''^ onto trajectories of the flow <^f Hence and 0+ are 1 — 1 
and the images e-(M^(")) and e+(M"-*(")) coincide with W' and W+ respectively. 
(Note that 8j but not their images depend on the choice of the coordinate 
map (fv : Br ^ Uy.) 

To see that and W~ are submanifolds it is to show that J are embeddings onto 
. Let us show this for 8~ . the proof for 8+ is in fact similar. It remains to show 
that (8~)~^ is continuous. Let (y„)„>i be a sequence in W~\{v} which converges 
to y e W~ . As 8~ is an extension of the restriction of (pv to Br n (R*(") x {0}) we 
can assume without loss of generality that y ^ v. Choose c € K with c < h{v) so 
that h~^{c\r\Wy C [/„n Denote by a;„ the unique point on the orbit through 
2/„ so that h{xn) = c. Then y„ = $(^(a;„) for some i„ g M and y = $t(a;) for some 
X G C/„nW~ and i e M. First we show that lim„_j.oo Xn — x. Note that the rescaled 



vector field Y introduced in (2.9) is defined on all of W„ \{v}. Hence there exists 



8 



BURGHELEA, FRIEDLANDER, AND KAPPELER 




a unique set of real numbers s„,n > 1, and s such that ^s^(a;„) = <I>j^(a;„) and 
^s{x) = ^t{x)- By (2.11) we have s„ = c — h(yn) and we conclude that 

lim Sn = c — h{y) = s 

n— ^oo 

Accordingly, 



Next we show that t ~ lim„_j.oo tn- This follows easily from (2.11 1 and the conver- 
gence of (s 

7i)n> 1 

and {xn)n>i, 



t 



{x{h){^Ax))y'ds' 



= lim 
= lim tn 



-iX{h){^,,{Xn)))-'ds' 



Hence we have shown 



(e„-)-i(y)=eV;'(<i>-*2/) = eV-'(x) 
= lim e*"Lp~'^{xn) 

n— J-oo 

= lim e*"(^-i($_t„y„) 

n— ^oo 

= lim {e~)-\yn). 



This shows that Q„ ^ is continuous. 



□ 



Definition 2.2. A gradient-like vector field (with respect to the Morse function 
h) is said to satisfy the Morse-Smale condition if for any pair of critical points, 
v,w € Crit(/i), 0+ and Q~ are transversal or, equivalently, the submanifolds W~ 
and intersect transversally, 

W- W+, (2.13) 
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i.e. for any x G C\ , the tangent space T^M at x is given by the span of 
T,iW-)UT,iW+). 

The Morse-Smale condition implies that W~ n is a submanifold of M. Note 
that for any x S D W+ , 

lim $4(2;) = V and hm $t(a;) = w. 

In particular, ioi v = w one has W~ D = {v}. In fact, the flow $ acts on this 
submanifold, 

$ : M X (ly- n W+) -> W- n W+, it,x) ^ $t(x). (2.14) 

For V w with n VK^'^ 7^ 0, this action is free and we denote by T(u, w) the 
quotient, 

T(i;,u;) := (W^-nVF+)/IR (2.15) 

with its induced differentiable structure. By slight abuse of notation, elements in 
T(w, w) are called trajectories or, more specifically, unbroken trajectories from v to 
w. They are denoted by 7,71,72, • ■ •■ The trajectory corresponding to a solution 
($t(a;))_^^(^^ of (2.2) is sometimes denoted by [$.(x)]. Note that 7{v,w) is a 



manifold and, for any a with h{w) < a < h{v), it can be canonically embedded into 
the level set La = h^^ ({a}) by assigning to a trajectory in 7{v, w) its intersection 
with the level set La. 

Definition 2.3. A pair {h,X), consisting of a smooth, proper Morse function h 
and a smooth vector field X, is said to he Morse-Smale or a Morse-Smale pair if 

(MSI) X is gradient-like with respect to h; 
(MS2) X satisfies the Morse-Smale condition; 

A vector field X satisfying (MSI) - (MS2) is also referred to as being Morse-Smale 
with respect to h. 

Two Morse-Smale pairs {hi,Xi) and (/i2,^2) are said to be equivalent, (/ii,Xi) ^ 

{h2.X2) if 

(EQl) Crit(/ii) = Crit(/i2); 

(EQ2) for any v G Crit(ft,i), the unstable manifolds corresponding to Xi and X2 
coincide. 

Definition 2.4. A Morse cellular structure t of a compact manifold is an equiva- 
lence class of Morse-Smale pairs. 

The reason to call an equivalence class of Morse-Smale pairs a Morse cellular struc- 



ture is that according to 31 , the collection of unstable manifolds of X can be 
viewed as the cells of a cell partition of M. We will say more on this later. 
One can also consider compact manifolds with boundaries, or more generally, with 
corners as well as noncompact manifolds. In these cases one has to make further 
assumptions on a Morse-Smale pair. For example if M is not compact one typically 
imposes the additional condition 

(MS3) h is proper and bounded from below. 
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In the sequel we will not distinguish between a Morse pair (h, X) and its equivalence 
class [{h, X)] and by a slight abuse of terminology refer to (h, X) as a Morse cellular 



structure as well. Instead of (/i, X), in view of Lemma 2.1 we will also use (h, g) to 
denote a Morse cellular structure where g is an ^.-compatible Riemannian metric 
on M so that X = — gradg/i. 

Throughout this chapter, we always assume that (h, X) is Morse-Smale and we fix a 
collection of pairwisc disjoint neighborhoods Uy and coordinate maps ify as above so 



that (2.5) and (2.6) hold. Let M be a smooth manifold (not necessarily compact). 
A number c € M is said to be a critical value of h if there exists v e Crit(/i) with 
h{v) = c. As h is assumed to be a proper Morse function its critical values form a 
sequence (cj) of isolated numbers which we list in descending order, 

• • • < Cj + l < Cj < Cj_i < . . . 

Note that this sequence can be bounded from below or above, or unbounded on 
both sides. If the sequence {cj)j is bounded - which holds e.g. if M is compact - 
there are only finitely many critical values, which we denote by 

CK+N < Ck+N-1 < ■ ■ ■ < Ck- 

For any critical value Cj introduce 

with Ej > sufficiently small so that 

Cj +£j < Cj-i -£j-i 

and where La is the a-level set 

La {x e M \ h{x) = a}. 

Throughout this chapter we will use a collection {Uy,ipy),v e Crit(/i), of canonical 
charts of M, ipy : S,. — Uy so that for any critical value cj of h, r corresponding to 

V is denoted by rj > 0, is taken to be the same for any of the finitely many critical 
points V € Crit(/i) with h(v) — Cj and 

For convenience we then choose < Sj < (rj/2)^. With this choice one has for any 

V e Crit(/i) with h{v) — Cj 

^ {v} m ipy{Br^ ) n Mf ^ (2.16) 

(The condition < Ej < (rj/2)^ makes sure that (fiy{By.) n Mf is not empty if 
Wy ^ {«}•) To investigate the level sets Mf we use the rescaled vector field Y{x) 



introduced in (2.9). Recall that it is defined on M\Crit(/i). 



Lemma 2.3. Let a, 6 G M with Cj+i < b < a < Cj. Then '^a-b{') is a diffeomor- 
phism from La to Li,. 

Proof. We have already noticed that j^h{'i's{x)) — —1 whenever 5's(a;) is defined. 
For any x La, ^'s(a^) exists at least for < s < a — Cj+i and 

pa—b 

h{'^a-b{x)) - h{^o{x)) = -/ ds^b-a 



or 

h{^a-bix)) = b. 
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By the uniqueness of a solution of the initial value problem (2.10) it follows that 
'^a-b ■ La ^ Lf, has as an inverse. By the smooth dependence of the 

solution of (2.10) on the initial data one concludes that '^a-b : La — ^ ^6 is a 
diffeomorphism. □ 



Lemma 2.3 can be partially extended. Precisely, if 6 = Cj+i, is still well 

defined but only a continuous map. 

First note that in the case a = b, the map : — > La is always the identity 
map. To go further we analyze the rescaled vector fields Y^'''>{0 < k < n) of the 
standard vector fields X'*^^ and verify the above statement in the case of standard 
model. According to (2.3) and (2.7 1 one has for any y G ]R"\{0} 

k 



1 



The solution of the initial value problem 



ds 



1 



^ 



(2.17) 



T>n—k 



can be explicitly computed. For initial data z = (0, z+) G {0} x M" '^\{0}, one has 
y~{s) = and y^{s) is of the form f{s)z~^ where /(s) > satisfies 



Hence f{s) 



ds 

1 - 2s/||z+||2 and 
vis) 



fis) = -{fis)\\z+ry'; /(0) = 1. 



ri-2./||z+|p)^/^(0,z+). 



This solution exists for < s < ||z+|p/2 and has a limit 

lim v(s) = 0. 

s^||z+||V2 



(2.18) 



(2.19) 



For initial data z = (z~,z+) with 7^ 0, a solution y{s) of (2.171 can be found 
by reparametrizing the solution x{t) = {z~ , z~^ e~*) given by (2.8). In view of 
the definition of the rescaled vector field Y^'^^ in (2.17) the function s{t) = s{t;z), 
determined by y {s{t)) = x{t), then satisfies 



ds 
dt 



As ||x(t)|| 



\x{t)\\' ; s(0) = 0. 

pe^* + ||z+||2e~2* this leads to 

.(i) = ||z-|P(e^*-l)/2 + ||z+|p(l-e-2*)/2. 

(fe) 



(2.20) 



For any < fc < n and < 6 < a, the diffeomorphism "^a-b from the level set 
Kj,'^{a) to the level set hf.^{h) has an extension for & = 0: For z — (z~,z+) with 



z 7^ 0, s := a — & = a is given by s = /ifc((2: jZ"*")) 

by Em 



.+ l|2 



/2 and thus 



(Ik+f - W^-f) /2 = Wz-fie^' - l)/2 + ||z+|p(l - e-^*)/2. 
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Hence e* — (||z+||/||z^||)-'-/^. Substituting this expression into 5'i'^''(z^, z+) = 
(z~e*, 2;+e~*) we obtain the map ^'i'"' : }i^^{a) h^^{0), 

[(0,0) ifz-=0. 

Clearly, this extension is continuous. The next lemma shows that a similar result as 
for the standard models holds in the general situation. See Figure [2] for illustration. 

Lemma 2.4. (i) Let a, e M with Cj+i = b < a < Cj. Then ^q_c^^j is a dif- 
feomorphism from ia\ U/i(-u)=c +i onto Lc^.^^\Crit(ft,) and admits a continuous 
extension from La onto Lc-^-^ which, for any critical point v with h{v) = Cj+i, maps 
La n W+ to V . 

(ii) Let a, 6 G M with Cj+i < b < a = Cj. Then 'i't-cj is a diffeomorphism from 
U/i(t))=c onto Lcj\Crit(ft,) and admits a continuous extension from Li, onto 

Lc- which, for any critical point v with h{v) = Cj, maps Lh D to v . 




Figure 2. Illustration of the map '^a-b : La Lt (indicated by 
arrows); v £ Cnt{h) with i{v) = 1, a is a regular value of h near b = h{v) 
with b < a. 



Proof. Statement (i) and (ii) are proved in the same way, so we concentrate on (i) . 
For X e La\ U/i(i))=c +1 ^Tj*^' the trajectory ^'^(x) exists for s in the compact interval 
[0, a — Cj+i]. Hence 'i'a-cj+i{x) is a well defined point of -^cj+i- For x £ LaCi , 
one has by the definition of the stable manifold that lim(_j.oo ^t{x) — v. Hence 
^six) exists for < s < a — cj^i and limg_j.a_cj^j ^s(a^) — v. In this case we define 
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^a-cj+i (x) '■— V. Using the properties of the flow '^s, the fact that X is a gradient- 
hke vector field w.r. to h and the investigations above of one concludes that 

*a-c,+, : ia\ U W+ ^ L,^^,\Cnt{h) 

is a diffeoniorphism. By definition, "^fa-cj+i ■ La H W,^ — > Lcj^-^ is the constant 
map with value v. Hence to prove that "^a-cj ■ La — > is a continuous map 
it suffices to show that the restriction of 5*0-6 to a neighborhood of La is 
continuous where v is one of finitely many critical points with critical value b. In 
view of Lemma 2.3 we may assume without loss of any generality that a — b < 



so that La n is a neighborhood of La n W^. The continuity of ^a-b on La n C/„ 



then follows from formula (2.21 ). □ 



As an application of Lemma [23] and Lemma [2. 4| we get the following 



Corollary 2.5. Assume that M is closed, h : M ^ a Morse function and X 
a gradient-like vector field with respect to h. Then, for any x G M , both limits, 
lmit^±^ ^t{x) exist and they are critical points of h. As a consequence, M = 
Ut,eCrit(/i) ^iT' "^^^ unstable manifolds (VK7)«gCrit(ft) ft'^e a decomposition of 
M into pairwise disjoint submanifolds of M, each diffeomorphic to some M*^ , < 
k < dim M. 

2.2. Smale's Theorem. In this subsection we prove that for any given Morse 
function /i ; A/ — > M with M closed, i.e. compact and without boundary, there 
exists a Morse cellular structure {h,g) or {h,X). More precisely we show the 
following result due to Smale [29], [30] . 

Theorem 2.6. Let M be closed, {h,g) be a compatible pair, and let £ S N. Then, in 
any neighborhood of g in the space of smooth Riemannian metrics on M , equipped 
with the -topology, there is a metric g' so that {h,g') is a Morse cellular structure. 
The metric g' can be chosen in such a way that it coincides with g outside shells 
contained in the standard charts {Uy,ipy : Br — > Uy),v € Crit(ft,). Here a shell in 
Uy is an open subset of the form (fy (_B,.,\_B,.j) with < ri < r2 < r. 



By Lemma 2.1 we know that for any gradient-like vector field X w.r. to h there 
exists a Riemannian metric g so that X — — grad^/i and (/i, g) is compatible. Hence 
Theorem |2.6| implies the following result on /i-compatible vector fields. 



Theorem 2.7. Let M be closed, X be an h-compatible vector field, and ^ G N. 
Then, in any neighborhood of X in the space of smooth vector fields on M, equipped 
with the -topology, there exists a vector field X' so that {h,X') is Morse-Smale. 
The vector field X' can be chosen in such a way that it coincides with X outside 
shells contained in the standard charts {Uy,ipy), v £ Crit(ft.). 



Remark 2.1. For versions of both previous theorems in the case where M is not 
compact but the set of critical values of h is bounded from below see e.g. 16 . 
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Proof. (Proof of Theorem 2.6) We essentially follow the proof given by Smale 29 . 
Let cn < . . . < Ci he the critical values of h. For any /i-compatible Riemannian 
metric g' denote by W^' and Wv ' the stable and unstable manifolds of —gradg>h 
at V. To start, we first observe that whenever x e {W~ n W^)\{v,w} satisfies 

dim w;; + dim W+ = n + dim{T^W;; n W+) 

then the same holds for any point on the orbit [$,(a;)] through x. This suggests 
that it might suffice to change the metric g near v to achieve that Wv ' and Ww' 
intersect transversally and leads to the formulation of the following statement 
which we will prove by induction starting at i corresponding to the lowest critical 
value. 

in any C^-neighborhood of an arbitrary /i-compatible Riemannian metric g, 
there exists a smooth Riemannian metric g' so that 

Wv' &\ Wi;' Vu, w e Crit(/i) with h{v) < c,; 
0-C(i)2 g and g' coincide outside the union of shells each of which is contained in 
a standard neighborhood of a critical point v with h{v) < Ci. In particular, g' is 
/i-compatible. 



Notice that coincides with the statement of Theorem 2.6 Further, as h~^{cN) 
consists of absolute minima only, one has h~^{cN) C Crit(ft,), hence W~ = {v} for 
any v £ h~^{cN) and for any w £ Crit(/i) with w ^ v, one has W^ n W~ = 0. 
Thus ^{N) is always satisfied and we might choose g' = g. It remains to prove the 
induction step + =4> 5f(z). To this end it suffices to consider any Riemannian 
metric g satisfying + 1). Property then follows by successively applying 
Proposition |2.8| below to the finitely many critical points v with h(v) = Ci. □ 



Proposition 2.8. Let {h,g) be a compatible pair, v E Crit(/i), and £ E N. Then, 
in any -neighborhood of g in the space of smooth metrics on M, there exists a 
Riemannian metric g' so that 

(i) Wv' rtl Wi;' Vw e Gnt{K); 

(ii) g and g' coincide outside of a shell, contained in a standard neighborhood of 
V. In particular, {h,g') is a compatible pair. 

Here Wv ' [W^'] denotes the unstable [stable] manifold ofv with respect to the vector 
field —gr&dgih. 



We will derive Proposition |2.8| from the following model problem: For any Q <k <n 
given let 

ha :=Af M, (s,p,^) i~> s 
Y ■ ^ 

where §p^^ C M.'^ is the (fc — 1) dimensional sphere of radius p > centered at 
and < fc < n. Let go be an arbitrary Riemannian metric on Mq so that 
Yq = — gradg^/io- Further let 

y- ~ s';-^ X {0} c s^-i X M"-*^ 

and let denote a smooth submanifold of Sp^^ x M"^'^. In the proof of Propo- 



sition 2.8 k will be the index of the critical point v £ Crit(/i),fc = i{v),V 
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the set W~ n Li,(^)_p2 and will be formed from U„,(W+ n Lh{v)-p^)- For 
an arbitrary smooth vector field Z on Mq with the property that the support 
of Z — yoiSupp(Z — Yq), is compact introduce the auxiliary sets defined as 
follows: Choose sq > so that the support oi Z — Yq is contained in the strip 
(—So, Sq) X Sp^^ X M"^*^. Then is defined as the set of all points of Mq which 
lie on a trajectory of Z, originating in (so,oo) x V~ . Similarly, is defined as 
the set of all points which lie on a trajectory ending up in (—00, — Sq) ^ V^. As the 
trajectories of Z outside supp(Z — Yo) coincide with those of Yq and supp(Z — Yo) 
is compact, Z is a complete vector field. It follows that = M x V^. In fact 
are submanifolds of M. To see it, define 

e| : M X -> iy|; {s,x) ^ $f ^^^^(^sq, x) 

)f a fiow, 

one concludes that are 



where $f denotes the flow of Z. By the properties of a fiow, one sees that 
are immersions. Arguing as in the proof of Lemma 

^1 



2.2 



embeddings and therefore, are submanifolds. Notice that for Z — Yq, one has 



Wy^ = M X V^. Our aim is to find a metric g'^ on Mq which is close to 50 and 
coincides with gQ outside a compact set so that for the gradient vector field 

Yq -gradg,/io 

the manifolds WVt, and intersect transversally. To make a more precise state- 
ment, introduce the box 

03:= (-so,so)xS^-ixB^-'= 

where B'^~^ is the open ball of radius p in K^~^ centered at 0. The notations 
introduced above are illustrated in Figure [Sj 



sn ; 



Sp XIR 



Figure 3. Trajectories of Z; A := S^"^ x {0} 



Lemma 2.9. In any C -neighborhood of gQ with £ > 1 there exists a smooth metric 
gQ with the following properties: 

(i) gQ = gQ on an open neighborhood o/Afo\'B. 

(ii) Wyr it Wyr where Yq := —gradg,^hQ. 

Before proving Lemma [Z!9| let us show how it is used to prove Proposition |2.8| 
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Proof. (Proof of Proposition 2.8) Let v E Crit(ft,) with h{v) = Ci and i{v) = k. 
Following 29 one gets a diffeomorphism 8 from 23 :— (— sg, so) ^ x B"^^^ into 
where sq > will be chosen sufficiently small to insure that in the construction 
below, 23 is indeed mapped into Uv Denote by M~ the level set L^.-p^ where 
< p < Ti/i and > is the radius of the ball S,. . of the domain of the coordinate 
map ify : — !■ [/,„. The diffeomorphism O is chosen in such a way that 

(61) e({o} X s^-i X 5;^-'=) C Af- 

(62) 6({0} X V^-) = Mr n W- where V- = S^-^ x {0} 

(63) 6('B) CUyn{xe M\h{x) < c, - 



(64) 6.(-£|._3) = -grad||,^,p^;i 



e(S)- 



To satisfy (64) the map 6 is defined in terms of the flow of the rescaled vector field 
— grad||(;^^l|2g/i. More precisely we set 

6 : (-so, so) X S^-i X B;-" ^ U,, {s,p,0 ^ Mvi-^))- 
Here y{t) ~ {y^{t), y^{t)) e M*^ x M"^'^' is the solution of the initial value problem 



where F^*^^ is the rescaled standard vector field defined by (2.171 and the scalar 



A = A(^, p) appearing in the initial condition y(0) is determined in such a way that 
(61) holds, i.e. ipy{\p,^) e Mr. As M~ = h'^ic^ - p^) and 

(/io^,)(Ap,e) = Q-i||Ap|p + l|ief 

one has 

A(e,p)-(2 + iieiiVp')'/'- 

By construction, (62) holds. To verify (63), note that for (p,^) e S^-^ x S;^"*^, 
one has 6(0, p,f) — (pv{Xp,^) and 

\\{xp,or = (2 + m\Vp')p' + ur < v < in/^r 

as < p < ri/4. Hence (Ap, ^) G Br^ and therefore (py{Xp,£,) £ Uy. Moreover, as by 
the definition of 6, the set 6({s} x Sp~^ x B^~^) is contained in h^^{ci — — s) 
it follows that (63) is satisfied if sq > is chosen sufficiently small. 
We now apply Lemma 2.9 with V'^ given by 



{0} X v+ = e-' i Mr n\Jw:^ 



and the metric 50 on Mq = M x §p^^ x M"^*^ chosen in such a way that its restriction 
to 23 coincides with the puUback 6*(||(i2:/i|pg|Q^^^) and — gradg^^/io = ~'§^- view 
of the property (64) and the assumption that Uy is a standard coordinate chart 
such a metric go exists. 

Denote by g' the metric on M given by g on Af\6(23) and on 6(23) by ||'i2;/i||^^6*((7o | 
where 6* (50 | ^) is the push forward by 6 of the metric g'g | ^ provided by Lemma 



2.9 



Then g' is a smooth metric on M. As g'^ can be chosen arbitrarily close to gg in 
C^-topology, g' can be chosen arbitrarily close to g in C^-topology as well. By 
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Figure 4. Illustration of 9(3) (shaded area) in the case k = I. Note 
that W~ n Mf = {p, q} 



construction, — gradg,ft, coincides with — grad^/i on AI\Q{'B) whereas on 8(2) it is 
given by \\dxh\\^0^{-gTSLdg,^hQ) and 

Wy, n V'({0}) = o-\w-' n a/-) 



where W^, are the submanifolds given by Lemma 2.9 and Ww' denote the sta- 

^0 I _J 

ble/unstable manifolds corresponding to — grad„,ft.. As T4C7, n h^^{{so}) = {sq} x 
V~ one concludes that Wv ' H M[' is completely contained in the image of Q 



By Lemma 2.9 it follows that Wy, n /iq ({0}) &\ W+, n V ({0}) and hence 



M^-'nA/rf^|J(H^+'nA/-). 

w 

We therefore have proved that Wv' it Ww' for any w e Crit(/i). This completes 



the proof of Proposition 2.8 



□ 



In the remainder of this section we prove Lemma 2.9 The construction of g'g 
involves two cut-off functions, introduced in [29| whose properties are stated in the 
following lemmas. Denote by {gij{x)) the n x n matrix that represents in local 
coordinates the metric go', as usual (g^^{x)) denotes the inverse of (gij{x)). Choose 
rjo = rj{9o) > so small that for any symmetric nx n matrix (G"-'(x)) with support 

in -B (-so, so) x §^-i x B^-'^ and sup^g^o < '^o, the matrix 

{g^-'{x) + G"-'(x)) is positive definite for any x e Afo; then its inverse defines a 
Riemannian metric on Mq. 
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Lemma 2.10. Let sq > 0,^6 Z>i and < rj < rjQ. Then there exists S > 
depending on SQ,i, and rj such that for any Q < a < 5 there is a C°° -function 
= /3q : M — )■ M with support in the open interval (— sq, sq) and the property that (3 
and its derivatives djp (1 < j < ^) satisfy the estimates < /3 < rj, \dlP\ < rj, and 

(■So 

/ I3{t)dt = a. 




Figure 5. Graph of 13 



Proof. (Proof of Lemma 2.10[ ) Choose a smooth cut-off function C : R — >■ M>o with 
supp(C) ^ (—So, So) so that /*°^ C(s)c?s = 1 and let 5 := 77/(1 + |jC||cO where 
\\C,\\c^ = sup Mi CI- Then for any Q < a < 5, the cut-off function := has 

□ 



sup sm 

0<j<i 

the desired properties. 



Lemma 2.11. For any given £ € Z>i there is a constant Cg > so that for any 
p > there exists a -function 7 : K — >■ [0, 1] with support in the open interval 
{~p,p) satisfying sup^ \dl^\ < Cr{p/2)^^ for I < j < i and ^(t) — 1 for \t\ < p/3. 







^7 








1 \ 


' 1 >■ 


-p 


-pl3 


p'/3 


P 




Figure 6 


. Graph of 7 





Proof. (Proof of Lemma 2.11[ ) Let / : M — > [0, 1] be a smooth increasing function 
with f{t) for t < and f{t) = 1 for t > 1 and set C'l := = sup 

0<j<i 

Then define 7 to be the even function determined by 





7W :=<|/(f(i-iip)) 



-iip<t< 
-^p <t<0. 



hp 
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The function 7 has all the required properties. □ 



Proof. (Proof of Lemma 2.9) The proof consists of three parts: the construction of 



Yq, the verification of the transversality property (ii), and the construction of gp- 
Construction of Yq: Choose < 77 < 770 arbitrarily small. Let tt denote the 



projection of the submanifold Vq^ C §^ ^ x M" on the second component, 



Vq — > M" . By Sard's theorem 27 there exists a regular value of tt 



with < ||a"''|| < min((5, p/3). Here (5 > is given by Lemma 2.10 and depends on 
the choice of 77. Choose an orthonormal basis of so that the corresponding 

coordinates of a+ are given by (a, 0, . . . , 0). Note that < a < p/3. Given these 
data, define the following vector field on Mq 

Y^is,p,o = -§-^-mm\\)^^ 

where (3 = f3a and 7 are the cut-off functions given in Lemma |2.10| and Lemma [2.11| 
respectively. 

Transversality property: By the definition of 7, 7(||CII) — 1 for IICII 1^ p/3. As 
a < p/3 and Jll^P{T)dT = a, the solution ¥°\so,p,0) of = Fp' with 

initial data {so,p,0) G M x Sp^^ x {0}, can be easily computed. Note that s{t) — 
So — Jg dt ~ So — t. Hence for t = 2so one gets 

*2°i (so,P,0) = (-so,p,C(so,p)) 

where 



C(so,p) = ^ ^(so - t)dt, 0, . . . , Oj = (a, 0, . . . , 0). 
As Yq' = ^0 on Mo\'B one has 

Wy, n V '{50} = n V'{so} = {so} X V- 

and hence 

W^- n h^'{-so} - (pF- n h-'{so}) . 

Combined with V" = S'^^'^ x {0} one sees that 

Wy, n VH-so} = {-so} X S^-i X {a+}. 

Similarly, one has 

w+, n V H-so} = n V'{-5o} = {-so} X v+. 

As a+ is a regular value of tt : — > M"^'^ one concludes that Wy, nft.(^^{— sq} and 
M^y, n ^0 ^{~'^o} intersect transversally inside h^^ ({— so}), hence Wy, and Wy, 
intersect transversally as well. 

Construction of g'^. To describe Qq, it is convenient to reorder the coordinates 
(s,p, ^1, . . . , S,n-k) so that in the new coordinates Q = (Ci, . . . , Cn) one has Ci = s 
and — With respect to these coordinates, the coefhcients g^-' are defined as 
follows 

Uo'iC) if(7,j)^(l,2)or(2,l) 
l5;^(C) + ^(Ci)7(lieil) if (*,j) = (l,2)or(2,l). 



9o'iC) - 
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By Lemma 



2.10 



/3 < 77 and as 77 < 770, the matrix (jJo''^ positive definite, hence 

has an inverse (goij) which defines a Riemannian metric on M. As l3 < rj, |/3| < 77, 
and < < 770 can be chosen arbitrarily smah, g'g is arbitrarily close to go in the 
C^-topology. The gradient grad^/ Zio can be easily computed. By definition, 



gradg,;io(C) = 




and hoiC) = (i (= «)• From gradg^/io = £ 

d 

or 



gmd„,h{() 



we read off that g^^ = Su. Hence 
d 



dC2 



-grad,, ;io(C) - - /?(^)7(llell)^ = Y^iO 



as claimed. Further note that g'g coincides with go in a neighborhood of Afo\®. 



This completes the proof of Lemma 2.9 



□ 



Remark 2.2. Comments on the proof of Theorem|2.6| (i) The hypothesis of being 



/i- admissible for the metric g is not used in the proof of Theorem 2.6 (ii) The 



proof of Theorem |2.6| could be shortened by applying transvcrsality theorems to 
make W~ n Af^T transversal to D . However, this has to be done with care 
as nM^ is not necessarily a closed subset of . (iii) A conceptually different 



proof of Theorem 2.6 based on Fredholm theory, can be found in 28 



2.3. Spaces of broken trajectories. Let M be a smooth manifold and {h,X) a 
Morse-Smale pair. In particular this means that h is proper (cf Definition 2.3 1. It 
is useful to define the following partial ordering for critical points w,v £ Crit(/i) 



and 



w < V iS i{w) < i{v) and h(w) < h{v) 



w < V iff w < V or w = V. 



According to (2.15), T(7;,?«) = {W^ D W^)/R denotes the space of unbroken tra- 



jectories from 7; to w. For v,w £ Crit(/i) with w < v introduce 

'B{v,w) := [J 7{v,vi) X . . . X J{vi,w) 

W<V{;<...<Vi<V 

W-:= y ■B{v,w)xW~ 

w£Crit{h) 



where 'B{v,v) :— {v}. Further let iy : — > AI be the map whose restriction to 
, w) X is given by the projection onto the second component, composed 
with the inclusion : W~ ^ M, 

iy : "Biv, w)xW- ^W- ^ M. 

Note that iy is an extension of the inclusion i„ : W~ ^ M as 23(7;, t;) x W~ = 
{v} X W~ . Elements in 23(ti, w) are called trajectories connecting v and w whereas 
an element in 'B{v,w)\J{v,w) is referred to as a broken trajectory. Note that an 
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element in W~ is a (possibly broken) trajectory from the critical point v to a point 
X on M which is the image of that element by the map z^, . 

Our goal is to prove that W~ and 2?(u, w) have a canonical differentiable structure 
of a manifold with corners so that the unstable manifold W~ is the interior of W~ , 
7{v,w) is the interior of 'B{v,'w) and : W~ — >• M is smooth and proper. As h is 
assumed to be smooth and proper it then follows that 

hy :— ho 

is smooth and proper as well. In this subsection, as a first step, we describe for 
any given v € Crit(/i) the topology of the set and then verify that W~ is a 
Hausdorff space and is continuous and proper. Let us briefly outline how we will 
do this. 




Figure 7. Examples of elements of : (a), (fe) 



First observe that 'J(w, w) C w) and for any v, w with v < w one has T(u, w) = 
0. The canonical parametrization of a trajectory 7 e 'B{v,w), denoted also by 7, 
is defined to be a continuous map 7 : [h{w),h{v)] M so that ft, (7(5)) = s for 
any h{'w) < s < h(v). We note that away from the critical points, 7 {h{v) — t) is 
a smooth solution for the rescaled vector field Y introduced in (2.9 1. Similarly, 
an element (7,0:) £ 23(u, w) x C can be viewed as a broken trajectory 
connecting v and x and its canonical, continuous parametrization 

-l.^:[h{x),h{v)]^ M (2.22) 

is determined by the property that h(^{s)) = s for any h{x) < s < h{v). Recall 
that the critical values of h have been denoted by . . . < q < c^_i < . . .. Assume 
that h{v) = Cfe. The topology of W~ will be defined by the covering 

ft^^ {[ci+i + Si, d-i - Si]) , £ = k,k + l,... 

where for any £ > k, the positive number Si is chosen sufficiently small — see 
below. The spaces ([q+i + Si, q_i — 5^]) are endowed with a topology so that 
they become compact Hausdorff spaces as follows: for £ = k, it is identified with a 
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compact subset of whereas for ^ > fc + 1 it is identified with a compact subset 

- e}) X h^^ + 5i, a-i - 5i]) 




by associating to an element (7,2;) e +<^£,Q-i — ^t\) the sequence of 

points {{x~)j^x) on M with x~ being the (unique) point on 7 with h{xj) = cj —e. 
The parameter e > is chosen sufficiently small so that Cj — 2e > Cj+i for any j. 
We will show that the topology on h^^ {[ci+i + (5^ , Q-i — 5t\) is independent of the 
choice of e and thus canonically defined. 

Let us now treat the above outlined construction in detail. In a first step consider 
the set 23(u, w) for given critical points v, w with w < v. Let Cm = h{w) < . . . < 
Ck = h{v) be the set of all critical values of h between h{'w) and h{v). For any 
k < j < m introduce the level sets M~ = = h~^{{cj — e}) with e > chosen 



as above. Given any < e' < e, the flow ^t(x) defined in (2.10) then provides a 
diffeomorphism ^e-e' : M^., — > M~,. We define 

7 (7(cfe - e), . . . , 7(cm-i - e)) ■ 




Figure 8. J,{'y) ^ {x^,...,x^_^) 
Using the flow 4'f one sees that is injective and for any < e' < e, we have 

Hence via the identification of 'B{v,'w) with a subset in Mj^^ x . . . x M^_^ ^ by 
Je, the set H^v^w) becomes a Hausdorff space whose topology is independent of e 
and thus canonically defined. As h is assumed to be proper, the level sets are 
compact and hence x . . . x M^_^ ^ is compact as well. The compactness of 
'B{v,w) then follows from the following 

Proposition 2.12. Let v,w G Crit(/i) with h{v) = Ck > h(w) = Cm and let e > 

be as above. Then Jg(T>{v,w)) is a closed subset of M^^ x . . . x M^_-^ ^. 

Proof. To prove that (23(w, w)) is closed consider a sequence (7i)i>i in 'B{v, w) so 
that iJe{li))i>i is a convergent sequence in Af^^ x . . . x M^_^ ^ with limit (ofc, . . . , 
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am-i)- By the chosen parametrization of the curves 7^ and the extension of the 
flow of Lemma |2.4| one has 



iliick - e)) = v; 'J'(c,„_i-e)-c,„ (7i(Cm~l - e)) = w 
and, for any k < j < m — 2, 

*(c,-e)-c,+i (7»(cj - e)) = *-£ (7»(cj+i - e)) ■ 
Hence, using the continuity of ^'t(x) in x and taking the hmit i — > 00, one obtains 
for any k < j < m ^ 2 

^3 — *(c,-e)-c, + i(aj) = «'-e(aj + l) 

which is a point on the level set icj+i as well as 

*_j(afe) = u; *(c„_^_e)_c„(am-i) = w. 

Denote by vi, . . . ,vi the critical points among the elements 61, ... , 6m-i ordered 
so that h{w) < h{vi) < . . . < h{vi) < h{v). Then (a^., . . . ,a„j_i) defines a unique 
trajectory 7 e T(i;, ui) x T(t;i, U2) x . . . x T(u^, w) with 7^(7) = (a^, . . . , a„_i). □ 

Let us now turn our attention to . Assume again that h(v) — cj,. Choose for 
any j > k, 

< dj < - min(cj — Cj+i, Cj-i — Cj) (2.23) 

and introduce 

Note that W'j^g^ is contained in {v} x W~ whereas for j > k + l^Wyj^g^ is 

the subset of W~ of elements (7, a;) consisting of a (possibly broken) trajectory 
7 € 'B{v,w) for some w S Crit(/i) with h{w) < h{v) and a; £ with x satisfying 
Cj+i + (5j < ft.(x) < Cj-i — Sj. Further define the map 

(7, a;) 1-^ (Jej(7,;),a;) , 

where 

Je,]{lx) ■■= hx{ck - e), • • . ,7a;(Cj-l - e)) 

with 73; denoting the (possibly broken) trajectory from v to x, defined by (2.22 1. 
Again one easily sees that J^ j is injective and that for any < e' < £ 

J^ ^ = (^'g„g/ X ... X X Id) o J^, j. 

Hence via the identification by J^ j, W~j becomes a compact Hausdorff space whose 
topology is independent of e and hence canonically defined. The sets will be 
used to define a Hausdorff topology on W~ . 

Proposition 2.13. Let v £ Crit(h) with h(v) = c^. Then for any j > k, the set 

Je.j{Wvj) is a closed subset of Mj^^ x . . . x MJ_^ ^ x h^^ {[cj+i + ^ji'^j-i ^ 
and the restriction of iy to W~j is continuous. For any k < j, j' with j ^ j' , the 
topologies induced on W~j n W~^, by W~j and W~j, coincide and the intersection 
is closed in both W~j and W~j, . 
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Proof. Note that je.k{Wv^k) is a closed subset of {v} x h ^ ([cfc+i + Sk,Ck~i — Sk])- 
To prove that for j > k + 1, Ji;.j{Wyj) is closed consider a sequence {'ji,Xi)i>i in 



v,3 



SO that (^Xj{j,,Xi)j 



i>i 



is a convergent sequence in 



with limit (ofc, . . . , flj-i, 2^)- As is continuous, 

Cj+i + (5j < < cj-i — Sj. 
Arguing as in the proof of Proposition 



2.12 



one sees that there exists (7, x) € 
with 7 G 23(w, w) for some w G Crit(ft,) with h{x) < h{w) < h(v) so that 

Je,j{7,x) = (afc, . . . ,aj_i,a::). 

From the definition of it follows that the restriction of to W~j is continuous. 
Finally, let us consider the intersection Wvjr]W~^,. Let > k. For | j—j' \ > 2, 
one has W~j n W~j, = 0, hence it remains to consider the case j' — j + 1. As by 



(2.231 c 



1+1 



5j < Cj 



Sj+i, it follows that Dj j^i 



n W-j^^ is the set of 



elements (7,2;) in with Cj+i + Sj < h{x) < cj — Sj+i. Note that Jeji^l^x) 
{Js,j{lx),x) and 

Je.j + l{l,x) = {Je.j{lx),lx{Cj -e),x). 

As 7a; (cj — e) and x are on the same trajectory, one has 



{cj-e)-h{x) 



x){x), 



thus 



-^^£^■(7,2;) ^ {Js,jhx),'^{c,-e)-h(x){x),x) 

is a homeomorphism from J^j (D^-j+i) onto J^j+i{Dj,j+i). 



As the intersection Dj j^i is equal to i„ ^ ([cj+i 



]) and the restrictions 



of iy to j and are both continuous, i'jj+i is closed in both of these 

spaces. □ 



Notice that Wy = Lij>kWyj- By Proposition 2.13 the covering {W^ ,j)j>k then 
defines a Hausdorff topology on W~ , and iy : M is continuous. We leave it 

to the reader to verify that the topology on W~ defined in this way is independent 
of the choice of the 5j (j > k). It can be done in a way similar to how we proved 
that the topology is independent of e. Proposition 2.12 and 2.13 then lead to the 
following 

Theorem 2.14. Assume that M is a smooth manifold, {h,X) a Morse-Smale pair 
and V, w arbitrary critical points of h with w < v. Then 

(i) 'B{v,w) is a compact Hausdorff space. 

(ii) is a Hausdorff space and both iy and hy ^ h o iy are proper continuous 
maps. In particular, if in addition, M is compact so is Wy . 

W~ is a Hausdorff 



Proof, (i) follows from Proposition 



2.12 



By Proposition 



2.13 



space and iy, and therefore hy = ho iy, are continuous. If iy is proper, so is hy. To 
show that iy is proper it remains to prove that for any compact set K C M, i^^{K) 
is contained in a compact subset of W~ . As h is proper, h^^ {h{K)) is a compact 
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set. Note that K C h^^ {h{K)) and CH-^) ^ (HK))- By the definition of the 
compact sets W~j, the preimage h~^{h{K)) is contained in the union of finitely 
many W^j and hence contained in a compact subset of . If, in addition, M is 
compact then W~ = i~^{M) is compact by the properness of ii,. □ 

3. Manifold with corners 

The notion of a manifold with corners is a generalization of the notion of a smooth 
manifold with boundary in the sense that the boundary of such a manifold is not 
required to be a smooth manifold. One of the main reasons to consider such a 
generalization is the fact that the product of two manifolds with boundary is not 
a manifold with boundary. The local model proposed for such a generalization 
is the positive quadrant M"q, hence we first study smooth M"Q-manifolds - see 



Subsection 3.1 below. In Subsection 3.2 we study manifolds with corners, a special 



class of M^Q-manifolds having the property that all their faces (see below for a 
precise definition) are again M>Q-manifolds for appropriate k. It turns out that the 
concepts, results and methods of the analysis on manifolds with boundary can be 
extended in a natural way to this class of manifolds. In Section |4] we will show 
that the canonical compactification of the unstable manifolds and of the space of 
trajectories associated to a Morse-Smale pair {h, X) on a closed manifold have the 
structure of oriented manifolds with corners. 

For further information on manifolds with corners and related topics see e.g. [o]. 



11 , 12 , 22 , 23 , 26 



3.1. IR"g-manifolds. Let us denote by M"q the positive quadrant in M", 
MI^o = M>o X . . . X M>o = {x = {xi,..., Xn) e M" I a;, > Vi} 

endowed with the topology induced from M". Recall that a map f : U ^ M™ 
from an open subset U of IR"g into M™ is said to be C°°-smooth (or smooth, 
for short) if there exists an open neighborhood V oi U in M" and a smooth map 
5 : y — > M™ such that the restriction oi g to U is /. For any x £ U, the differential 
dxf ■= dxg ■ K" — i' is well defined, i.e. does not depend on the choice of the 
extension g of /. Let U, V be open subsets of M"q. We say that /:[/—)■ F is a 
C°°-diffeomorphism (or, diffeomorphism for short) if / is bijective and / as well as 
/^^ are smooth. For such a map, the Jacobian d^f : K" — >■ K" is bijective for any 
X e [/. More generally, a smooth map f : U M™ is said to be an immersion if d^f 
is 1 — 1 for any x £ U and it is an embedding if in addition, / is a homeomorphism 
onto its image. Further we recall that a topological space is said to be paracompact 
if any covering by open sets has a locally finite refinement. 

A family It = {{Ua, fa)} of charts ([/„, ipa) is said to be an M^Q-atlas of a paracom- 
pact Hausdorff space M if {Ua} is an open cover of M and tpa ■ Ua ^ Va is a home- 
omorphism onto an open subset Vq of M"q so that any two charts {Ua^ fa)-, (t^^, fp) 
in It arc C°°-compatible, i.e. fp o ip'^ : tpaiUa n Up) — ;> fpiUa n Up) is a C°°- 
diffeomorphism. Adding additional compatible charts one obtain larger atlases. 
It is rather straightforward to verify that any atlas can be enlarged to a unique 
maximal atlas. 

Definition 3.1. A pair (M, li) of a paracompact Hausdorff space M equipped with 
a maximal W^^-atlas is called a smooth W!^Q-manifold. 
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In view of the above observation, a pair (Af , 11) with M a paracompact HausdorfF 
space and U an atlas, not necessarily maximal, will specify a smooth M"Q-manifold 
structure. The lR>o~ manifold structure is defined by the maximal atlas which 
contains U. 

In the sequel, we often write M instead of (A/, U) and refer to U as a M" Q-smooth 
or differential structure of M. 

A natural class of M" g-manifold is defined in terms of a regular system of inequalities 
as follows. Let M be a smooth manifold (without boundary) of dimension n, let 
gi : M R, 1 < i < N , he a family of > 1 smooth functions and set 

M ■.= {xe M\g,{x)>0 yi<i<N}. (3.1) 

For any x £ M define J{x) ^ {1 < i < N \ gi{x) — 0} and assume that the 
differentials 

idxgi)iej{x) a-i'e linearly independent in T*M. (3-2) 

o 

If the interior M is not empty then M is a smooth M^Q-manifold when endowed 
with the M"g-differentiable structure induced by the following atlas: for any x G M, 
choose a (sufficiently small) coordinate chart {U, tp) of M so that U is an open 
neighborhood of a; in M satisfying for any y £ U 

g^iy) > yii J{x) 

and 

{dygi)iej{x) linearly independent. 

Notice that | J(a;)| > n. We renumber the functions gi so that J{x) = {1, . . . ,m} 
with m < n. Using a coordinate map ip : U V C M" one can construct a family 
of smooth functions hi : U ^ R>o, i — m + 1, . . . so that 

: C/^M" 

is a smooth embedding. In this way one obtains a smooth coordinate chart {Ux,fx) 
where Ux = U Ci M and (fx ■ Ux ^ K>o is given by the restriction of {gi)i£j(x) x 
ihi)i^j(x) to Ux- One then verifies that {Ux,ipx)xeM is a R^Q-atlas for M. 
Figure |9] shows an example of a K?,g-manifold of this type. The triangle ABC on 
the sphere §^ C can be thought of as the intersection of half spaces {ga > 
0}, a € {a, 6, c} where the smooth functions ga '■ U C — >■ M, defined on an open 
neighborhood U of the triangle, are conveniently chosen so that the ga^s satisfy the 
regularity condition introduced above, the intersection r\ae{a b c}{9a ^ 0} is the 
triangle ABC and for any a in {a, 6, c}, the zero set {ga = 0} contains the side a 
of the triangle ABC. 

Using coordinate charts one defines the notion of a smooth map, a diffeomorphism, 
an embedding, an immersion, etc. of a M"g-manifold into a IR™g-manifold in the 
usual manner as well as the notion of a smooth C-vector bundle (or M- vector bundle) 
E M over a K" g-manifold and the space of smooth sections, s : M — y E. 
Next we want to introduce the notion of a tangent space for M^g-manifolds. Let 
M be a smooth M^g-manifold and (^Sq : J/q — >■ a chart. For x G Ua, denote by 
Ja{x) the subset of {1, ... , n\ given by 

Ja{x) :={l<i <nK(a;)=0} 
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(0,0) 



Figure 9. Triangle ABC; a R>o-manifold on a piece of C R^. 
diM — aU bU c; ipj : Uj Vj coordinate maps 

where (pl^{x), . . . , ^Pai^) denote the components of ipa(x). Introduce 

e^ix) :={C e M" I > e J„(a;)} 

r„(a;) :=UeM" -0 G J„(.x)}. 

Then Gaix) is a closed, positive, convex cone and Ta{x) is a maximal linear subspace 
contained in Cq(x). Its dimension is given by n — ^Ja{x). Now let ipp : Up ^ Vp 
be another chart of M with x G Up. By definition, dip^(^x){'Pi3 ° 'Pa^) '■ U^" ~^ I^" is 
a linear isomorphism. One easily verifies that it maps Gaix) bijectively onto Gp{x) 
and that its restriction to Ta{x) is a linear isomorphism onto Tp{x). In particular 
one has 

pp{x)^p^{x) (3.3) 

and we write j{x) — ^Ja{x). To define the cone Q{x) of directions at x S Af, 
tangent to Af , we introduce an equivalence relation ~ on the space F^; of smooth 
paths 7 : [0,a] — >■ Af issuing at a:, i.e. 7(0) = x. Choose a coordinate map 
tfa -Ua^ Va. Wc Say that 71 72 if ^ I t^Q^a{li{t)) = ^ I j^Q<^a(72(i))- It is 
easy to verify that this is indeed an equivalence relation and it does not depend on 
the choice of the coordinate map tpa- Then Q{x) is defined as the set of equivalence 
classes [7] C F^;. Note that defines a bijective map 

e(x)->e„(x), [7] ^ ^ L^o'^a(7(t)) 

which we denote by dx^a- Then we define T^M to be the M- vector space defined 
as the linear span of the elements {dxipa)^^{ei) G (1 < i < n). Hence T^M 

is a R-vector space of dimension n. Again it is easy to verify that the construction 
of T^M is independent of the choice of the coordinate map (fa- Moreover, d^^a 
extends to a linear isomorphism between T^M and K" and that C{x) is a closed. 
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positive convex cone contained in T^M, referred to as the cone of tangent directions 
to M. 

Using local coordinates it is easy to see that the vector spaces T^M give rise to a 
smooth vector bundle over M with fiber isomorphic to M". It is referred to as the 
tangent bundle of M and denoted by TM with projection map p : TAI M. In 
the usual way one then defines the cotangent bundle T*AI — M. For any x G M, 
the fiber of T*M — ^ M above x is given by the dual T*AI of T^M. In particular 
it follows that exterior differential forms can be defined on a smooth IR"Q-manifold 
and that the exterior calculus remains valid. 

In the case when M is given as the subset of a smooth manifold M satisfying a finite 



number of inequalities - see (3.1), (??) above - T^M coincides with the tangent 



space Tri-M of M at x and G{x) is the closed, positive convex cone defined by 

Uer,Af|(d,g„O>0 v^eJ(x)} 



where gi, . . . ,gN are the smooth functions in ( |3.1[ ) and (•, •) denotes the dual pairing 
between T*M and T^M. With the notion of tangent space introduced as above it 
follows that a smooth map / : Mi — >■ M2 between M™^-manifolds Mi a linear map 
d^f : T^Mi ^ 7^/(x)M2 satisfying d,/(e(x)) C Gif{x)). 

Let us now take a closer look at the structure of the set of points of a M" Q-manifold 
M which are at the boundary. For any < fc < n, define 

dkM {xe M\ j{x) = k} (3.4) 

where j{x) has been introduced above. Note that the subsets dkM are pairwise 
disjoint and M = IJ^, dkM. Using local coordinates it is easy to see that for any 
0<fc<n,(}feMisa smooth manifold of dimension n — k with 

T^{dkM) C e{x) C T,M Vx e dkM. 

In particular, 9„M is a discrete set of points. The n-dimensional manifold d^M is 
referred to as the interior of M whereas the manifold dkM {1 < k < n) \s called the 
fc-boundary of M, k being the codimension of dkM . The union dM = Ui<fe<ra (^kM 
is referred to as the boundary of M . In the case where M is given as a subset of 
a smooth manifold M satisfying a finite number of inequalities (cf ( |3.1[ ) - (??)), 

doM = M is the interior of M when viewed as a subset of M and dM C M the 
boundary of M. In the example depicted in Figure [9j d^M is the interior of the 
triangle ABC, diM the union of the sides a, b, c of the triangles without the end 
points A, B, C and the 2-boundary d2M the set {A, B, C}. 

Definition 3.2. The closure F of a connected component of dkM in M is called 
a k-face of M. The integer < k < n is referred to as the codimension of F. 



In the 



P2 . 
^>0 



manifold depicted in Figure 



10 



dM. Note that it is not a smooth manifolc 



d2 
^>0 



there is one 1-face. It coincides with 
The origin is the only 2-face. In the 



-manifold depicted in Figure |9j there are three 1-faces. They are given by the 
three sides (with end points) of the triangle and are manifolds with boundary. More 
generally, for any smooth M"Q-manifold M given as a subset of a smooth manifold 
M, 

M = {xe Ml g,{x) > VI < i < TV} 
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Figure 10. Example of a E?,Q-mamfold 

where {gi)i<i<N satisfy (??), it can easily be shown that any fc-face of M is given 
by a connected component of 

Mng-\{0})n...ng-\{0}) 

where 1 < ii < i2 < ■ ■ ■ < ik ^ N . It can be shown that this is a IR"Q'^-manifold. 
This illustrates how restrictive the class of M" g-manifolds is. Let F be an arbitrary 
{k + l)-face of an M"g-manifold. By definition, F is the closure of a connected 
component _Fo of dk+iM. Using local coordinates one sees that there exists a k- 
face F' of M (not necessarily unique) so that F is a 1-face of F' . 
For i = 1,2, let Mi be a M"'o-manifold with M"'o-atlas Ui = {(t/^'\ t^i'^)}. Denote 

by 111 X U2 the atlas given by the collection of charts {Ua^ x uj^\(pa'' x (p^^ ^)- In 
a straightforward way one obtains the following result. 

Lemma 3.1. (i) Ui x U2 is a R''l'+''^ -atlas for Mi x M2. 

(ii) For any < k < n 

dkiMi X M2) = y d,Mi X d,M2. 

k=i+j 

In particular, do{Mi x M2) = d^Mi x doM2 and 

di{Mi X M2) = [diMi X doM2) U {doMi x c^iMa). 

(iii) For i — 1,2, let Fi be a ki-face of Mi. Then Fi x F2 is a {ki + k2)-face of 
Ml X M2- Any k-face of Mi x M2 is of this type. 
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In the sequel, Mi x A/2 will always be endowed with the difFerentiable structure 
induced by Hi x U2 and referred to as the (Cartesian) product of Mi and M2. 

3.2. Manifolds with corners. In this subsection we study a useful class of M"q- 
manifolds whose faces satisfy an additional condition. 



Definition 3.3. A smooth RyQ-manifold is said to be a n-dimensional manifold 
with corners if any k-face, < k < n, is a smooth MJ^^ -manifold. 

We have already observed that any M"Q-manifold given as a subset of points of 



10 



is not a 



a smooth manifold satisfying a finite number of inequalities (cf (3.11 - (3.2)) is 
a manifold with corners whereas the M?,Q-manifold depicted in Figure 
manifold with corners. 
An important class of manifolds with corners is obtained by taking Cartesian prod- 
ucts. From Lemma |3.1| the following result can be easily deduced. 



Corollary 3.2. Let Mi and M2 be smooth manifolds with corners. Then Mi x M2 
is a smooth manifold with corners. 



In the next subsection we will use Corollary |3.2| to confirm that a finite Cartesian 
product of manifolds with boundary is a manifold with corners. 
In the category of manifolds with corners, the natural notion of a submanifold is 
the notion of a neat submanifold with corners fl2' . It is an extension of the notion 



of a neat submanifold with boundary, introduced by Hirsch 16 . Let M be a n- 
dimensional manifold with corners. A subset N C M is said to be a topological 
■submanifold of M of codimension s if for every x (li N, there exists a coordinate 
chart {Ux, ^x) of M with x € Ux where (fx-Ux^ Vx is a coordinate map between 
the open subsets Ux ^ M and Vx C so that 

ifixiUx nN)^Vxn {Rl-^ X {(0, . . . ,0)}). (3.5) 



The topological submanifold N of codimension 1 of M>q depicted in Figure ( 11 ) is 
not a M3>Q-manifold. The property of being "neat" is a sufficient condition for a 
topological submanifold of a manifold with corners to be a manifold with corners. 

Definition 3.4. A subset N of a n-dimensional manifold with corners M is said 
to be a neat submanifold with corners of codimension < s < n if for any k > 
dim N — n — s N D dkM = and for any < k < n — s and x G N O dkM, there 
exists a chart {Ux,y^x) of M , ipx '■ Ux ^ Vx, where Ux is an open neighborhood of 
X in M and Vx is an open neighborhood in M-^q, diffeomorphic to M^q x M"g ' so 
that ipxiUx n N) is diffeomorphic to M>q x M"^''^''. 

Denote by Un the E'-i-'-atlas {{Ux r\N,ipx\ c/^nAr)^e^}- Thus {N, Un) is a Rl~'- 
nianifold. Actually, more is true. 

Lemma 3.3. Assume that N is a neat submanifold with corners of (M, U). Then 
(N, Un) is a manifold with corners. 

Proof. We have already seen that iV is a smooth R^Q^-manifold. Further, any k- 
face Fjv of TV is a connected component of a set of the form F N where F is a 
fc-face of M. □ 
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Figure 11. TV C M?, Ri -manifold 



Note that among the examples depicted in Figure [13] only in Figure [13] A is a 
neat submanifold with corners (of codimension 1) of the unit square, whereas in 
the examples depicted in Figure ?? A, only the cylinder in Figure ?? B is a neat 
submanifold with corners of codimension 1 of the unit cube in M?,q. 
Another way of constructing manifolds with corners is based on the transversality 
theorem, properly extended to the situation at hand. Let / : P — > Af be a smooth 
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Figure 12. Figures A - D 













"o 








Figure 13. Figures A - B 

map from a manifold with corners P to a manifold M . The map / is said to be 
transversal to a submanifold A'' of M if for any x E dkP with < fc < dimP and 

fix) e N 



In words, it means that there exists a complement of Tff^^-^N in Tf(,j.)M spanned 
by certain elements which are the image of elements in the tangent space at x to 
the fc-boundary d^P oi P. 

Lemma 3.4. Let f : P M be a smooth map from a p-dimensional manifold with 
corners to an n-dimensional manifold M. If f is transversal to a submanifold N 
of M of codimension s, then f^^{N), if not empty, is a topological submanifold of 
P of codimension s with the property that for any < k < p — s 

dkf-\N)^f-\N)ndkP 

Hence f~^{N) is a neat submanifold with corners of P. In particular, for any k 
with p — s + l<k<p 

f-\N)ndkP = i!}. 



Proof. First we show that f~^{N) is a topological submanifold of P of codimension 
s. Without loss of generality we may assume that P is the open subset U C M>q, M 
is the open subset C E" and N is given by 

y n ({0} X R"-") C X M""". 
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This means that 

f-^{w)^{xeu\fj{x)^o yi<j<s} 

where / = (/i, . . . , /„). We want to apply the iniphcit function theorem to construct 
a K^g^-atlas of f~^{W). The assumption oi f : P ^ M being transversal to N 
says that for any x G dkU with f{x) G W , 

M" = {0} X M"-^ + dJ{TAU). (3.6) 

Hence A\Ttv{dxf{TxdkU)) > s. On the other hand, dim{TxdkU) = p — k, so that 
p - k> s, i.e. k <p - s. It means that f~^iW) n dkU = 0ifp-s + l<fc<p. 
Let z S f~^{W) n dkU be given. By renumbering the coordinates if needed we 



may assume that z is of the form (zi, . . . , Zp-k, 0, . . . , 0). In view of (3.6 ) we may 
further assume that {^^{z)) -^^j -^^ is invertible. By the implicit function theorem 
applied to the system of s equations fj{x) = (1 < < s) with p unknowns 
xi, . . . ,Xp near x — z, the first s components xi, . . . ,Xs can be expressed in terms of 
{xg+i, . . . , Xp). More precisely, there exist an open neighborhood Uz — U1XU2X U3 
oi z= z(3)) in [/ C Mf^o x M?^ q""'' x M^^ and a smooth map 

so that z(i) = 5(z(2\z(3)) and 



Now define 



<Pz -r'iw) nUz^Vz := U2XU3C ^p-'-'^ - 



Then (/"'^(W^) H Uz,fz) is a coordinate chart of /^^(VK) containing the point 
z G Hence {{Uz,(pz)zef-^(w}} is an IR>g'*-atlas for f~^{W) making 

f~'^{W) into a topological submanifold of P of codimension s. Further, for z as 
above, 

^f-\w)ndkUz. 

As the point z is arbitrary it then follows that f^^{W) is a neat submanifold of U 
of codimension s as claimed. □ 

Next we introduce the notion of orientation of a manifold with corners. To do so one 
could use local coordinates, extending the familiar definition of orientation given in 



16 for smooth manifolds to manifolds with corners. For convenience we consider 
here the following equivalent definition. Let M be a n-dimensional manifold with 
corners. Denote by det(M) — )■ M the vector bundle of rank 1 whose fibre at x e M 
is the n'th exterior product A'^T^M of the tangent space T^M. 

Definition 3.5. The manifold M with corners is said to be orientable ifdet(M) — > 
M admits a smooth nowhere vanishing section cr : Af — )■ det(Af). An orientation 
of M is an equivalence class of nowhere vanishing sections where two smooth 
sections aj : M ^ det(M) [j — 1,2) are equivalent if there exists a smooth function 
A : A/ — 7> E>o so that ai{x) — X{x)a2{x) for any x G M. 
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Given a smooth metric g on M, an orientation contains a unique normahzed 
section, i.e. a section cr : M — >• det(M) with ||tT(a;)|| = 1 Vx G M where ||cr(x)p = 
(cr(x), cr{x)) and (•, •) denotes the fiberwise scalar product on det(M) induced by g. 
Given any orthonormal basis ei(a;), . . . , e„(x) of T^M, (j{x) is of the form 



For later reference we state a few elementary facts about the orientation of a man- 
ifold with corners. 

Lemma 3.5. Assume that M is a manifold with comers. 

(i) // M is orientable and connected, then M has two different orientations. 

(ii) M is orientable if and only if the interior doM of M is orientable; the 
orientations of M and OqM are in bijective correspondence. 

(iii) An orientation of M determines in a canonical way an orientation on any 
1-face of M. 

(iv) If M is orientable so is any k-face of M. 

Proof. For the whole proof fix an arbitrary Riemannian metric on M . 

(i) As M is orientable, there exists a normalized smooth section a : M — )• det(M) in 
the sense defined as above. Any other normalized smooth section a' : M ^ det(M) 
is then of the form cr'(x) = A(x)(t(.t) where A : M — ^ M is smooth and satisfies 
A(a::) € {±1}. As M is connected the claim follows. 

(ii) By restriction, the orientability of M implies the orientability of OqAI. Con- 
versely, assume that OqM is orientable. Hence there exists a normalized section 
a : doM — ^ det{doM). On a chart {Ua,'-Pa) of M a takes the form 



varying with x ^ Ua. In this way one sees that a has a unique smooth extension 
a : M ^ detM with ||ct(x)|| = 1 for any x G M hence M is orientable. By the 

same token, the second part of claim (ii) is proved. 

(iii) Let be the orientation of M. For any x £ diM denote by p{x) the unique 
element of norm 1 which is orthogonal to T^d\M and contained in the cone C(x) 
of tangent directions to M at x. Further denote by v* {x) the unique element 
in T*M so that {i'*{x),v{x)) = 1 and the restriction i'*{x) to T^diM vanishes 
where (•,•) denotes the dual pairing. Using local coordinates one sees that both 
V : diM TM I „ and u* : diM T* M I „ arc smooth sections. Let a be 

\ diM I Om 

a smooth normalized section representing the orientation 0. For any xq G d\M, 
choose a chart (U, (p) of M with Xq gU and for any x G Ud diM a,n orthonormal 

basis (ej(x))i<j<n of T^M with e„(x) = I'ix) varying smoothly with x. Then 
(ej(a;))i<j<„_i is an orthonormal basis of T^diM. Now define for any x G U (IdiM, 



ai{x) := ei(.T) A ... A e„_i(a;) G A"-i(T,aiM). 
Note that ai{x) is a smooth normalized section, oi : U (1 diM — >• K"~^{Txdx 



cf{x) = ±e\{x) A ... A en{x). 




M) 



UndiM 



. As 



ai{x) = <.^.(^)((-l) 



n-l 



a{x)) 
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where i^-^x) is the contraction by v*{x), it follows that cti(x) is well defined i.e. it 
does not depend on the choice of the orthonormal basis (ej(a;))i<j<„-i of T^diM 
used to represent a{x),a{x) = ei{x)A. . .Ae„_i(a;)Ai^(a;). Since the point xo G diM 
is arbitrary, we conclude that di defines a normalized smooth section of det(9iAf) 
and hence an orientation of diM in a canonical way. By (ii) and the fact that 
M is a manifold with corners it then follows that any 1-face of M is oriented in a 
canonical way. 

(iv) The claimed statement is proved by induction. The statement for fc = 1 is 
implied by the statement in (iii). So let us assume that F is an orientable (fc + 1)- 
face where I < k < n. Then there exists a fc-face F' (not necessarily unique) so 
that OqF C diF' . By the induction hypothesis, F' is orientable. Hence it follows 
from (iii) that OqF and thus by (ii) F itself are orientable. □ 



We remark that it follows from the proof of statement (iii) in Lemma |3.4| that the 
normal bundle on diM whose fibre at x G diM is the linear span of G{x)/TxdiM 
is trivial. Further we point out that statement (iv) of Lemma |3.4| is no longer 
true for smooth IR"Q-manifolds as the following example of a smooth orientable 
M>Q-mamfold M with a non-orientable 2-face illustrates. 

In the sequel, we will also consider products of oriented manifolds with corners. 
Let Mj {j = 1,2) be oriented manifolds with corners of dimension rij. Let gj 
be a Riemannian metric on Mj and denote by (Tj : Mj — >■ det Mj the normalized 
smooth section in 0^ . As T{Mi x M2) = TMi x TM2 one concludes that Aei{Mi)® 
det(M2) = det(Mi x M^) by the fusion isomorphism defined for e A"iTAfi (1 < 
i < nl),w^ e A"=(rM2) il<i< na) 

(wi A . . . Ai;„J (g) (wi A . . . A w„J 1^ (ui,0) A . . . A (w„i,0) A (0, wi) A . . . A (0,w„J. 
Hence 

CTi (g) (72 : Ml X M2 -> det Ml (g) detM2, {x,y) H> ai{x) (g) (72 (y) 

defines a smooth section with 

\\ai^a2{x,y)\\ = ||ai(x)|| ||(72(y)|| -1. 

The orientation determined by this normalized section is referred to as the product 
orientation and denoted by Oi (g 02- 

By the same arguments used for oriented manifolds with boundary - see 21 - can 
prove a version of Stokes's theorem for oriented manifolds with corner. 



Theorem 3.6. (Stokes's theorem) Assume that M is a compact orientable manifold 
with corners of dimension n. Then for any smooth (n ~ l)-form uj on M , 



duj = 



M 



diM 



where the n-form dio denotes the exterior differential of lj and l*uj is the pull back 
of UJ by the inclusion l : diM M . Here diM is endowed with the canonical 



orientation induced by the orientation on M (cf Lemma 3.5 (ii)) 



36 



BURGHELEA, FRIEDLANDER, AND KAPPELER 



^''k y 



7^ 



Figure 14. Illustration of the maps (pj. and ipk 



4. Smooth structure on and 'B{v,w) 

Let (h, X) be a Morse-Smale pair and v a critical point of h. In this se ction our aim 
is to prove that the Hausdorff spaces 'B{v,w) and W~ (cf Theorem 2.14) have a 
canonical structure of smooth manifolds with corners with T(w, w) and, respectively, 
the unstable manifold W~ as their interiors. 

We will do this by realizing 23 (w, w) as a subset of a smooth manifold with corners 
and realizing W~ locally as a subset of a smooth manifold with corners, both much 
simpler to describe. The smooth manifold with corners in the first case will be a 
product of smooth manifolds with boundary of type Pk and in the second a product 
of several manifolds with boundary of type Pk and one of type Qk ■ The manifold 
with boundary Pk will be defined as a smooth submanifold with boundary of Mj^ 
M- while g, 



as a smooth submanifold with boundary of A/^^ x h ^{ck+iCk-i). 



4.1. Preliminary constructions. In this subsection we introduce some notation 
and analyze two collections {Pk} and {Qk} of manifolds with boundary which will 
be used to prove that 23(u, w) and W~ are manifolds with corners. 
Let {h, X) be a Morse-Smale pair and ([/„, (py),v E Crit(/i), a collection of standard 
charts. For any fc, let Mk and denote the level sets 

Mfe h-\cky, := h-^{ck ± e} 



where e > is chosen sufficiently small (cf (2.16)). Note that M'^ and Mk\Grit{h), 



if not empty, are smooth manifolds and of dimension n—1. On the other hand, Mk 
is not a smooth manifold. The flow corresponding to the rescaled vector field 
Y 



xXh)-^' introduced in (2.9), defines the maps 



Mk 



Mk^M++i^ 



where b := Ck — Ck+i — 2e. By Lemma 



2.4 



morphisms. For any v € Crit(/i) H Mk, define 
and let 



LPf. are continuous and ^k are diffeo- 

X 5',, 



^k LJ ^v'^ 



h(v)=Ck h{v)=Ck 

Note that are smooth spheres with dim(5^) — i{v) — l and dim(5+) = n—i{v) — 
1. As £ > has been chosen sufficiently small they are contained in the standard 
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chart Uy. The product = x and hence are smooth submanifolds of 
dimension rt — 2 of x . For any < fc < n, define 

together with the subset P'f.'^ Pk, 

P^={(x+,a:-)ePfe|x± eM±\5±}. 

Notice that Pj. = U 5^ and that an element (x+ , ) G Af x Af^T is in Pj. iff 
and x~ are connected by a (possibly broken) trajectory. More precisely, {x'^,x^) 
is in P^ iff x"^ and a;~ are connected by an unbroken trajectory whereas {x'^,x~) 
is in Sk iff x^ and a:~ are connected by a broken trajectory. As P^ is the graph of 
the diffeomorphism 

ifk ■■ M+\S+ ^ M^\S^, X ^ f 2e(x), (4.1) 

it is a manifold of dimension n — 1. As already mentioned above, 5'/c is a manifold 
of dimension n — 2. 




Lemma 4.1. For any < k < n, Pk is a {n ~ I) -dimensional manifold with 
boundary whose interior doPk is given by P^. and whose boundary diPk is Sk, i-e. 

doPk = PL; diPk = Sk. 

If : Mjt X Af jT — > denote the canonical projections, then the restrictions 
Pk • doPk — > '^'^k\'^k '^'^^ diffeomorphisms andp^ xp^T : 9iPfe — > Sk is the identity. 



Proof. Let us first verify the statement of Lemma |4.1| for the standard model, 
defined as follows. Let < £ < n and let M be x M^, endowed with the 

Euclidean metric g and define for y = (?/+, y^) E M"^^ x M^, 

hdy) = l{\\y^r-\\y-\n- 

Clearly, in this model S M is the only critical value of he and the origin in M"^^ x 
its only critical point. Its index is given by £. Let 5*^ be the spheres 

S+ {x+ = {y+,0) I \\y+r - M; {x' = (0,2/-) | Wy-f = 2£} 
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' (a,d) 



(a.c) 



(b.d) 1 



(b,c), 



Figure 16. 



Illustration of Pk C x 



M + X M - 



(S'xS^), Pfc = /1U/2; diPk = ail U9J2 with 9Ji = {(a,c),(a,d)},a/2 = 
{{b,c), (b,d)} (cf Figure [Tsl) 



and the subsets of M" x M", 

P := {(a;+,a;-) e M" x M" | /if(a:±) = ±e; (p|(a;+) = (^7(2;")} 

P' {(a;+,a;~) G Pji^ ^ S**} 

where ipf — ^P-i-^ with denoting the flow corresponding to the normahzed vector 
field (cf ( pTT] )) 



Being a graph with base {x^ £ | h({x'^) — e}, P' is a (rt — 1) dimensional 

submanifold of K" x M". To show that P' is the interior of P and 5 := 5+ x 5'- 
its boundary we provide a collar of S in P. For this purpose define 

e:Sx[0, 1/2) ^ M" X M", ((y+, 0), (0, y-), s) ^ {x+,x-) 

with x^ = x^{s;y^ ,y^) given by 

x+ := (1 - s^)-^^'{y+, sy) ; .t" := (1 - sY^/^{sy+ ,y~). 

The scaling factor (1 — s^)^^/^ has been chosen in such a way that h{x^) = ±e. 
According to (2.81, the point x^ is on the trajectory $^(2:+) of the gradient vector 
field — gradgft.£. This shows that the range of 9 is contained in P. Clearly, 9 
is a smooth embedding into M" x M", the restriction of 6* to x (0,1/2) is a 
diffeomorphism onto its image in P' , and the restriction of to 5 x {0} is the 
standard inclusion. This proves the statement of Lemma 4.1 for the standard 
model. To prove Lemma |4.1| in the general case, we proceed in a similar fashion. 
Let < fc < n. We already know that and Sk = Li^y^^ckSv are smooth 
submanifolds of Af^^ x M^T of dimension 71 — 1 and n — 2, respectively. To show 
that P^ is the interior of P^ and Sk its boundary, we provide for any v € Crit(/i) 
with h{v) = Cfc, a smooth embedding 9y : Sy x [0, 1/2) — >• x so that 

(i) 9v I o mi is the standard inclusion, 

(ii) 0y{Sy X [0,1/2)) CPfe 

(iii) 0„(5, X (0,1/2)) CP^. 
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(x+x-)eii (a,c)Gf?i^ (a,d)Gai, (b,c)e3i2 (b.djeSij 



Figure 17. Trajectories corresponding to points in Pk (cf Figure 15 1 



Recall that we have chosen e > sufficiently small so that are contained in 
the standard chart C/„ Hence the map 9^ can be defined in terms of the standard 
coordinates. Note that for S"^ given as above with i = i{v), ipy : Br ^ Uy maps S*^ 
onto and x'^{s), defined as above, are elements in Br as for e > sufficiently 
small, 



1 + 



< 2e- < 



1-S2 - 

for any {y^,Q) £ 5*+, (0,y^) £ , and < s < 1/2. Hence for , and s as 

above one can define 

Ov ((/9„(y"'",0),v3„(0,?/~),s) := {lp^{x^ {s)),ip^{x~ {s))) . 

The map 0^ then satisfies the claimed properties (i) - (iii) as by construction, 9 
satisfies the corresponding ones for the standard model. The statements on the 
projections are verified in a straight forward way. □ 

To introduce the second collection {Qk] denote for any fc < ^ by the inverse 
image of the open interval (c£, Cfe) by h 

Mi^k {a; e M I Q < h{x) < Ck}- 



, a b 




d d 



— m: 



Figure 18. Illustration of Qk : M+ ^ S^US^; Af" = 
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For any k let 

Qk ■■= x) e M+ x M^+i^k-i \x+ x} 

where x"*" ^ x means that x^ and x lie on the same (possibly broken) trajectory. 
Further let WjT ■— U/i(i,)=cfc ^ ^^'^ define 

Q'fc := x)eQk\xe Mk+i,k-i\W-} 

and Tk Uh(i,)=c, where 

T„ X (W-nMk+i^k-i). 

Notice that Qk = Q'k U Tk and an element {x^,x) x Mk^i-i^k-i is in Q'^, iff 
a;"*" and x are connected by an unbroken trajectory and x is not a critical point of 
h whereas {x~^,x) is in Tk iff and x are connected by a broken trajectory or 
a; G Crit(/i) fl M^. Note that Q'f. is the graph of the smooth map 

rj+ : Mk+i^k-i\W^ ^ M+, X ^ x+ (4.2) 

where x^ is defined to be the unique point of on the trajectory <i>.(a;). Hence 
it is a manifold of dimension n. Clearly, Tk is a manifold of dimension n — 1. 




Figure 19. Illustration of Qk : M+ = 5"^ Af" = U S'^ 



Lemma 4.2. For any k, Qk is a n- dimensional manifold with boundary whose 
interior is given by Q'f, and whose boundary is Tk, 

doQk — Q'k\ diQk = Tk- 

Ifpl : Af + X Mk+i,k~i M+ and qk : M+ x Mk+i,k-i Mk+i,k-i denote the 
canonical projections, then the restriction : QJ. — > M^\S^ is a smooth bundle 
map with fibre diffeomorphic to (0, 1), the restriction qk '■ Qk ^ Mk+i^k-i\Wi7 
is a diffeomorphism, and the restriction p'^ x qk : Tk — > □^(.yj^cfc'S'i^ x is the 
identity. 

Proof. First note that Mk+i,k-i = U1UU2UU3 with Uj being the open subsets of 
M given by 

Ui:=Mk+i,k; U2 := Mk,k-i; U3 := h-\{ck - e,Ck + e)) . 

It suffices to show that for any 1 < j < 3, Qk H {M'jl x Uj) is a submanifold with 
boundary of x Mk+i^k-i where its boundary is given by Tk n {M^ x Uj). 



ON THE SPACE OF TRAJECTORIES 



41 



Qk n (Mjf X AIk+i,k) ■ Consider the diffeomorphism 

e : M+ X MjT X (cfc+i,Cfe) ^ M+ x Mk+i^k, 

defined by Q{x^ ,s) :— {x^ ,'i's-ck+e{x^)) where 5's(a;) denotes the flow of 
the normalized vector field Y, defined in (2.9) . It is easy to see that 9 maps 
Pk X (cfe+i,Cfc) diffeomorphically onto 

Qk n (M+ X Mk+i,k) 

and Sk X {ck+i,Ck) onto Tk D [M^ x Mk+i,k)- By Lemma 41 Pfe x (cfe+i,Cfc) is a 
smooth manifold with boundary 

d{Pk X (cfe+i,Cfe)) = 5fc X (cfe+i,Cfc). 

Hence the claimed statement is established in this case. 



Qk n (Mjf X Mfe,fc_i) : In this case, Tk n (M+ x A4_fe_i) = and 



Qk n (M+ X Mk,k-i) = Q'k n (M+ X Mk^k-i) 
is a smooth manifold. 

Qk n (Mj^ X h'^^{{ck ~ e,Ck + e))) : In this case we argue similarly as in the proof 
of Lemma l4.1l and first establish the claimed result for the canonical model where 
M is given by x K^, < ^ < n, endowed with the Euclidean metric, and h by 
hi{y) = \ (11?/ """IP — Then is the only critical point of /if and its index is 

Let 5*+ := {(y+,0) | \\y+f = 2e} and define 

Q : = {{x+,x) e M" X M" I ht{x+) = e; \\xf < 2e; x+ - x} 
Q' : = {{x+, x) eQ\x = {y^,y^) with \\xf < 2e and y+ ^ 0} 

T: = S+ x{{0,y-)\\\y-\\' <2e}. 
Define the map 

61 : T X [0, 1/2) ^ M" X M", 0), (0, y"), s) ^-> {x+,x) 
with x^{s) ~ x^ {s:y^ ,y^) and x{s) = x{s]y^ ,y^) given by 

:= f{s){y^,sy^); x{s) f{s){sy'^,y^) 
and /(s) := (1 - s^Hy- ||2/2e)-i/2_ As < 2e, and < s < 1/2, /(s) is well 

defined and satisfies /(s) < ^4/3. Note that (x+(s),x(s)) € T only for s 
where (x"'"(s), a;(s)) is given by ((?/+, 0), (0, y^)). The point x~^{s) is defined in such 
a way that /if(x"*"(s)) = e whereas x{s) is defined so that x{s) ~ x~^{s) for any 
< s < 1/2, i.e. x(s) lies on the (possibly broken) trajectory of the gradient vector 
field — gradg/if going through x^{s). This shows that the range of is contained in 
Q and the one of the restriction \ xx{o 1/2) ^' ' Clearly is a smooth embedding 
and the restriction 9 \ „ r„i is the standard inclusion. Hence for the standard model, 
the case under consideration is proved. To prove the considered case in the general 
situation we provide for any v G Crit(ft,) with h{v) = Ck and index(w) = £ a smooth 
embedding 

9., : n (M+ X U3) X [0, 1/2) ^ M+ x U3 
where U3 ~ h^^{{ck — e,Ck + s)) such that 

I T„n(Af+x;73)x{o} ^^"^ standard inclusion, 
(u) (T, n (M+ X Us) X [0, 1/2)) C Qk, 
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(iii) 0^ (T, n (M+ X C/3) X (0, 1/2)) C Ql 

As T„n{M^ X J/s) is contained in the standard chart Uy , the map 6y can be expressed 
in terms of the standard coordinate map ipy : Bj. ^ U^- Consider the standard 
model with £ = index(?;). Note that T C Br, (pv{S+) = S+,ipy ((0, y~)) € W~ Ci Uy 
for any y" £ K'^ with Hy-f < 2e, and hence (^^(T) = T^, n (M+ x f/s). Further, 
x~^{s) and a;(s) as defined above, are elements in Br as for any ((y+, 0), (0, y~)) € T 
and < s < 1/2. 

\\x+{s)f = f{s)m\y+f + s^y-\f)<4e/3 

and 

||a;(s)|p = /(s)2(s2||y+||2 + ||y-||2) <4e 

and 4e < for e sufficiently small. Hence for , y^ and s as above one can define 

9v {(pv{y^,0),'Pv{0,y^),s) := {ipy{x+{s)),ipy{x{s))) . 

The map Oy then satisfies the claimed properties (i) - (iii) as, by construction, 9 
satisfies the corresponding ones. The statements on the maps pk and are verified 
in a straight forward way. □ 

4.2. Spaces of trajectories. In this subsecti on w e prove that for a ny v ,w S 



Crit(/i), the topological spaces 23(1;, w) (Theorem 4.3) and W~ (Theorem 4.4) have 
a canonical structure of a smooth manifold with corners with interior 7(v, w) and 
W~ , respectively - see Section [s] for the notion of a manifold with corners M and 
the smooth submanifolds dkM of M of codimension k introduced there. Further 
we show that iy : Wy — >• M is a smooth extension of the inclusion iy : Wy — > M. 



Versions of Theorem 4.3 and Theorem 4.4 can be found in 18 . 



Theorem 4.3. Assume that M is a smooth manifold, {h,X) a Morse-Smale pair 
and V, w any critical points of h with w < v. Then 

(i) 'B{v,w) is compact and has a canonical structure of a smooth manifold with 
corners. 

(ii) 'B{v,w) is of dimension i{v) — i{w) — 1 and for any <k < dim'B(w,u'), 

dk'B{v,w)= y 7{v,vi)x ...x7{vk,w). 

W<Vk:<...<Vi<V 

In particular, 

do'B{v,w) = 7{v,w). 

Remark 4.1. Note that for v,w ^ Crit(ft,) not satisfying w < v,'B{v,w) = 
whereas for w = v, 23(u, w) — {v}. 

Proof, (i) Let £0 — 1 < £ he the integers satisfying h{v) — Cig-i and h{w) — c^+i 
respectively. If £0 ~ 1 = then h{w) = ce^ and hence 'B{v,w) = 'J{v,w) which is a 



smooth manifold - see ( 2.15 ). For £> £q we want to use Lemm 13. 41 and Lemma 4.1 



to obtain a canonical differentiable structure of a manifold with corners for ^(w, w). 
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To this end introduce 

? ^ y^^i := n 

I 

M = M,„, n Af+ X M- 

1-1 

^ (w^- n M+) X n ^7 X (T^+ n m,-) 

where we recaU that 

Mf = {{c, ± £}) ; P, {(4, x-) e M+ x MJ | = ^^{x-)]. 



By Lemma 4.1 is a (n — 1) dimensional manifold with boundary, hence, by 
Corollary |3.2[ J* a manifold with corners of dimension {£ — £q + l)(n — 1) with 
(0 < A: < dimT) 

d,y^ U n^-w^^- (4.3) 

\a\=kj=eo 

where a = is a sequence of elements a{j) € {0,1} and \a\ := 

Further, M is a smooth manifold of dimension 2{£ — £q + l)(n — 1) and, with 
fj : Pj ^ X MJ' denoting the inclusion of Pj C x M~ , the map 

e 

is a smooth embedding. Finally ]\f' is a smooth manifold of dimension i(v) — i{w) ~ 
1 + — ^0 + ^ 1) and can be canonically identified with a submanifold of M 
as follows. Introduce 



As the maps : Mj — >■ M^^-^^, defined in terms of the flow ^I^t (cf section 4.1 ), are 
diffeomorphisms it follows that is a smooth embedding, hence 



is a submanifold of M. As in Subsection 2.3 one sees that 'S>{v, w) can be identified 



with the image in T of the following smooth embedding 

J : 7 {x+,x-)j 

where x^ denote the points of intersection of the (possibly broken) trajectory 7 
with the level sets . Clearly, the image of J coincides with f~^(3\r). Therefore 
'B{v, w) and f^^(INf) are identified as topological spaces and a differentiable structure 
of f^^(IN') provides a differentiable structure on 'B{v,w). Next we prove that f~^(3\r) 
is a manifold with corners. In view of Lemma |3.4| this is the case if f is transversal 
to N, i.e. for any < A: < dim ^ and y £ 9^7 with f(j:) G 3\f 

rf(j)M = %)K + djf(VfcT). (4.4) 
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Using that X satisfies the Morse-Smale condition the transversality condition ( 4.4 ) 



win be verified in the subsequent subsection. As in Subsection |2.3| one argues that 
the induced difFerentiable structure on 'B{v, w) is independent of e, hence canonical. 



(ii) In view of Lemma 3.4 



dim f ^ (J^) = dim T — codim 

= dim T - dim M + dim K' 
= i{v) — i{w) — 1 

and for any < fc < dimf^^(3\f) 



with 9fcCP given by (4.3). Using the identification of 'B{v,w) with f ^(N) one sees 
that 

dk'B{v,w)^ \_\ 7{v,vi)x ...x7{vk,w). 

W<Vf^<...<Vi<V 

□ 

The smooth structure on is more elaborate. Recall that according to the 

W- = U 'S>{v,w) X W-. For 4 with h{v) = dg-i, 



definition in Subsection 



2.3 



introduce the open covering I ^ j of given by 

^v,i> {(7,2;) e W~ I c£+i < K{^,x) < 

and hy = hoiy. The difFerentiable structure of W~ is defined by providing for any 
l> — 1 & difFerentiable structure on so that these structures are compatible 
on the intersections. We note that W~f n W~,,, ^ iff |^- f | < 1 and that W„^<>q_i 
is an open subset oF W~ , hence a maniFold. 

For any i > £o, W~f consists oF (possibly broken) trajectories From u to a point 
X € M satisFying C£_|_i < h{x) < q_i. Denote by 7j. the canonical parametrization 
(2.22 1 oF the trajectory From v to x. To describe the differentiable structure oF 
we have to use a more complicated identification oF than the one introduced in 
Subsection 12.31 

For an arbitrary element in W"^ let 

Mix) {{xj,xj)j,{xj,x)) e Mi^i 

where 

:= M+ X Af- j X M+ x h'^ 

and x^ are the points oF intersection oF 7j. with the level sets 

Af± ■.^h-'{{c,±e}) 

with £ > being chosen sufficiently small. Clearly, : W^g — > is an embed- 
ding. The component (x'^jXj) oF Jt{"fx) is an element oF Pj and the component 



{x^ ,x) is in Qi. 
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Theorem 4.4. Assume that M is a smooth manifold, {h,X) a Morse-Smale pair 
and V G Crit(/i). Then, 

(i) W~ has a canonical structure of a smooth manifold with corners. 

(ii) is of dimension i(v) and for any 1 < fc < dim VKj7 

dkW- = □ dk-i'Biv,w) X W-. 

whereas daW~ — W~ . 

(iii) The extension iy : W~ — > M of the inclusion iy : W~ M is smooth where 
iy is given on 23 (w, w) x for any w < v by the composition of the projection 
'B{v,w) X W~ — >■ W~ with the inclusion W~ ^ M. 



Remark 4.2. Combined with Theorem 2.14 Theorem 4.4 imphes that iy and 
hy :~ ho iy are smooth, proper maps. 

Proof. As outUned above we consider the open covering {W^)e>ig-i of Wy given 

by 

Wf := {7^ e Wy I ce+i < h{x) < ce-i} 

where £0 is the integer with h{v) = ce^-i. First we define a differentiable structure 
of a manifold with corners for each of the open sets Wf so that the restrictions of iy 
to is a smooth map. In a second step we then check that for any > io — 1, 
WfT and induce the same differentiable structure on the intersection W^T n . 
This then proves that W~ has a structure of a smooth manifold with corners and 
that iy is smooth. To define a differentiable structure on Wf we proceed in a 



similar way as for 'B{v, w) (cf proof of Theorem 4.3). 

First note that W'[^_^ is an open subset of Wy , hence a smooth manifold. For 
£ > ^0 introduce - with a view towards an application of Lemma |3.4| - the following 
spaces 



M = M,„, [] (Af+ X M-) x (A/+ x Af,+i,,_i) 

Ji' = K,i ■■= {Wy n M+) X I n I A^^+i.^-i 



where we recall that 

A^£+i,£-i = {x e M I ce+i < h{x) < ci-i} 

and 

Qe = a;) e M+ x Me+i^e_i \x+ x} . 
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By Lemma |4.H Lemma |4.2[ and Corollary |3.2[ T is a manifold with corners of 
dimension (£ - 4 + l)(n - 1) + 1 with (0 < fc < dim?) 

dkT = U ( n ^-U)^^ I ^ ^-WQ^ 
k|=fe \j=io J 

where a = icr{j))g^^j^^ ,a{j) e {0,1} and |(t| = Ej=<?o ^(■?)- Further, M is a 
smooth manifold of dimension 2{£ — £q + l){n ~ 1) + 1 and 




is a smooth embedding where fj : Pj — > Afj'" x Mj (^o < j < ^ ~ 1) and : Qe ^ 

X Mgj^i i^i denote the natural inclusions. 
Finally, is a smooth manifold of dimension i{v) + {£ — Iq + l){n — 1) and can be 
canonically identified with a submanifold of M as follows: introduce 

6* : -> M, {x+, {xj)j,x) ^ (x+, {xj,ijjj{xj))^,x^ . 
As tpj : -^^j+i arc diffcomorphisms, 6* is a smooth embedding and thus 

Jit = y^vi e{K,i) 

is a submanifold of M. f~^(N£) can be canonically identified with W^~, being the 
image of the embedding Ji : — ?> T defined by 

where x^ are the points of intersection of with the level sets 

Mf ■.= h-^{{c,±e}). 

Hence we have to prove that '\~^{Jii) is a manifold with corners. In view of 
Lemma 3.4 this is the case if f is transversal to J^i, i.e. for any < fc < dim? 
and y e ^fcT 

r,(y)M = Tf(j)?^, + drf(TjafeT). (4.5) 

Again, these transversality conditions will be verified in the subsequent subsection 
using the assum ption that the vector field X satisfies the Morse-Smale condition. 
As in Subsection 



2.3 



one argues that the induced differentiable structure on is 
independent of e. By Lemma [3^ for any £> £q 

dim f^^ (]\f(>) = dim T — codim Jit 

= dim y - dim M + dim 

and for any < fc < dimf^^(INf£), 

Using the identification Ji : Wi T one sees that ^^^{'Ni) n dk? corresponds to 
dkW^ = □ dkHvM X {W- n Af,+i,,_i). 
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In particular, for fc = 0, the interior doWg of is given by n Mi+i^g-i. 
Further, note that 

rH^e) 





is commutative where 

TT : y M, {{xj , x~)i„<j<i^i, xj , x) h-> X 

denotes the projection onto the last component of CP. Hence iy | is a composition 
of smooth maps, hence smooth. 

In a second step we now prove that and induce the same different iable 
structure on the intersection n W^T . Arguing as in the proof of Proposition 



2.13 



first note that Wf f] = for \i — 1'\ > 2. Hence it remains to consider the case 
where ^ > ~ 1 and £':=£+ 1. Then Dg :— Wf n W^^-^ is the set of elements 
'jx € W^tT with Q+i < h{x) < C£. First let us treat the case £ > £q. Then 

Je+iilx) = {{xj,xj)eg<j<i_i, xj,xj,xj^^,x) 

and 

Mix) = {{xf,xj)g„<j<i^i,xj,x). 

Note that the points xJ,x'^^-^^ and x are on the trajectory jx and contained in 
Mg+i^i, hence 

7x{ce+l +e) = 'i'c, + i+e-h{x){x) 

lx{ce - e) = '^ct^E-h{x){x)- 
From the properties of the flow ^((x) in the region Mg+i^^ one concludes that 

Mix) Mlilx) = {{x]',Xj)j<i^i, xj,'ifce-e-h{x){x),'i^ce+i+e-h{x){x),x) 

is a diffeomorphism from Ji{Di) onto Ji+i{Di). This shows that for I > £o, Wf 
and W^^-^ induce the same differentiable structure on the intersection W[' W^T^-^- 
The case £ = £o — I is treated in a similar fashion and thus (i) is proved. Statements 
(ii) and (iii) follow easily from the considerations above. □ 

4.3. Transversality properties. In this subsection we verify the transversality 



conditions (4.4) and (4.5) stated in Subsection 4.2 which allow to apply Lemma 3.4 
and hence to conclude that 'B{v,'w) and, respectively, (v) are manifolds with 
corners. Without further explanations we use the notation from the previous sec- 
tions. 



Transversality condition (4.4): To illustrate our arguments let us first verify (4.4) 
for y = (xj ,xj)ig<j<i e day. For such a point the image djf(TjJ') of the tangent 
space TjCP = T^doP by the differential c?jf : TjJ" T^^j-^Vi consists of vectors of the 
form 

{£.j,dLpj-Qi„<j<t (4.6) 
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where £_j S T^+M^ and ipj is given by (4.1 ) and dipj = d^+ipj. One computes 
dimdjf(Tj5') = diniAf + = (n - 1)(£ - 4 + !)■ 



The tangent space T'f(j)?^ consists of all vectors of the form 

(^,(Cj,dV'j(0))^„<j<^_i,c) 

where ^ e T . (W^" n M+), C, e T^-M", d^, ^ d^,^, and C e T {W+ n Af, 
It is of dimension 

dimTif(j)[N' = i{v) — 1 + dimAf^^ + n — i{w) — 1 

= i{v) - + (71 - -io + 1). 
As dimM = 2{n - l)(f - 4 + 1) it then follows that 

dimdjf(rjT) +dimTf(j)N- dimM = i{v) - i{w) - 1. 
To show the claimed transversality at the point it remains to verify that 

dim {d,fiT,y) n r,(y)?^) = i{v) - i(w) - i. 



(4.7) 



In view of (4.61 - ( |4.7[ ) and of the fact that d^-ij^j and d^+(pj are isomorphisms (cf 

J j 

Lemma 4.1), the linear space (iff(rjj') n Tf^y-j^W is linearly isomorphic to the space 

of all elements (C, C) in T + {W~ n M+) x T- {W+ n A4^) satisfying 

( = dipi o dijji^i o . . . o dipi„^. 
Hence djf(TjJ') n 7f(f)^ is linearly isomorphic to the graph of 

d^e o o . . . o d^i^ : (T4^+ n w.- n Af+) ^ T^- (w+ n 1^' n M^). 

tQ e 

As, by assumption, X is Morse-Smale, it follows that in the case where W^r\W~ ^ 


dim (dyf(TyT) n Tf(y)?^') = *(i;) - i{w) ~ 1. 

To prove the transversality condition (4.4) for y in with 1 < fc < dimf^^(]~^), 
let us first introduce some more notation. For any 1 < fc < dimf^^(3Nf) and any 
= {'^iJ))iQ<j<e with a{j) G {0, 1} and IctI ~ J2j ^ii) = ^; choose any element 

i 

As 

h{u)—Cj 

for any (q < j < £ such that it(j) = 1 there exists a critical point Uj e Afj with 
a;^ e S*^^. . Hence the tangent space T^dky is of the form 11^=^0 where 



T, 



\4,^J)P^ = X d^,) ■ T^,M/ if aij) 



= 



r.+5'+ X T-S: 



ifa(j) = l. 
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Further, write TjM = U.j=io where Fj := F+ x Fr with 



and let a := d^f = 11^=^0 where aj = aj' x aj is given by the canonical 
projections, 

when a{j) = whereas aj = diag(Q!^ , a~ ) with denoting now the natural 
inclusions 

when a{j) = 1. In the sequel we will not distinguish between 

af : T±St. T±Mf 



and its trivial extension 

Finally, If(y)3^ is isomorphic to Hj^^o-i where 

rT^+(W-nM+) j=4-i 

[T^-iW+nMl) j=t 

The linear map /3 : 11^=^0-1^5 ^ ^fCr)-'^ identifying 11^=^0-1 '^^^^ ^f(j)-'^ 
given by /3 = X U^zl^ 0j x where : Ge^-i ^ '^x+^^t ^"^^ ■ Ge ^ 
T^- are the natural inclusions; for £o < j < i — 1 

is given by 

The situation at hand can best be described with the following diagram 
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F+ 




Ge 




Diagram 1 



To prove (4.4) in the case 1 < fc < dimf ^(N) it is to show that Diagram 1 satisfies 
the transversahty condition 



(4.8) 



j=l!o 



From the definition of aj one sees that Diagram 1 splits at any Ej with a{j) = 1. As 
we treat the case \a\ = k > 1 this implies that Diagram 1 sphts up into Diagram 2 
(beginning), |cr| — 1 diagrams of the type of Diagram 3 (middle pieces) and Diagram 
4 (end). 





^^0 



Diagram 2 



T + S+. 




F+ 

^3 + 1 





Diagram 3 
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Diagram 4 



In each of the latter three diagrams aU maps are hncar isomorphisms (cf Lemma 4.1 ) 
except for f3ig and which are both 1 — 1. As in the case k = treated above, 
the transversahty of these diagrams then ah follow from the assumption that X is 
Morse-Smale, i.e. that for any u,u' G Crit(/i) and j, 

{w- n M±) rtl {W+ n M±) . 



Hence (4.4 1 is proved for any < k < dim/ ^(INT). 



Transversahty condition (4.5): The proof of (4.5) is very similar to the one for 



(4.4). The only difference is that the last component of TjJA,, and 3Nf get changed 



from Pi,Mg and H to Qe, Mi+ij^i and M£+i^£_i, respectively. 



For the purpose of illustration let us again first verify (4.5 1 for 



Note that the image djf(TjJ') of the tangent space TjCP = T^doV by the differential 
djf consists of vectors of the form 

. c, c.W (4.9) 



where £ T^+M+(4 < j < £ - l),^e e T^M, and drjj = d^-qj with 



r^l : M£+i,^_i\W^ 
defined in terms of the flow '^t - see ( |4.2[ ) in Subsection 



4.1 



One computes 



dim djf (Tj y) = ^ dimM+ + AmiQi 



= (?l-l)(^-4 + l) + l. 

The space Tf(f)3Nf consists of all vectors of the form 

•Ok<j<^-i,C) (4.10) 

where ^ € (14^ n M+), Q e T^-M-, and ( e T^M^+i^^.i. It is of dimension 

e-i 

dimrf(j)3sr = i{v) - 1 + X! + 

= i(t;) + (n-l)(^-4 + l). 
As dimM = 2(n - 1)(^ - + 1) + 1 it then follows that 

dimdjf(rjT) + dimTf(j)?^ - dimM = i(t;). 
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Hence to show the claimed transversahty at j; it remains to verify that 



In view of (4.9) - (4.10) and the fact that d^-tpj and d^+ipj are isomorphisms (cf 
j j 

Lemma 4.1) and d^rj^ is onto (cf Lemma 4.2) the hnear space (ijf(TjJ') n Jffj^INf is 



hnearly isomorphic to the subspace of 

(W- n M+) X T,Mi^ij+ 

consisting of elements () satisfying 

dipe-i o • • • o dipe^C = d^jj+C- 

As dim (t^+ {W- 
it follows that 



= i{v) — 1 and dxt]]^ has a one dimensional null space 
dim (djf(rjT) n T^if)^^) = i{v). 



x; ,x) m Ok 



To prove the transversahty condition (4.51 for y = {{x^,Xj )eo<j<e-ii 
with 1 < fc < dimf^^(INf) we introduce first some more notation. Recall that Qg is 
a manifold with boundary and that the boundary diQi is given by 



diQe 



□ 5+ X (Ty-nA/,+i,,_i). 



weCnt(h) 

h(™)=cf 



The tangent space T^dhV is again of the form Ilj^fo defined above except 

that the last component Ei is now given by 



_ \T{4.cc)Qe - (dxvi X Id)T,Me+i^e.i if a{e) = 



[T^+5+ xT,(l^^nM,+i,,_i) 
where w G Crit(/i) is the critical point so that 

{x+,x) eS+ X {w- n M£+i,£_i). 



if a{£) 



Similarly, TjM — Y[^j=£g Pj except that in Fi — F^ x Ff is now given by 



f; 



and a := dyf = n^=^o '^j with the exception that in = a'^ x in the case 
cr(£) = is given by the canonical projection on the last component 

whereas when (t{£) = 1, in ag = diag{a'^ , aj) is given by the natural inclusion 

Furthermore, Ta^f~^(!N') — nj=<'o-i where Gi is now given by 

Gi '■= T^Mg+i^i^i. 

Finally the map /3 = x Hj^fo ^ same as above with the exception 

that now Pi : Gi ^ TxMi^i i_i is the identity map. With these changes made one 
then argues as above to prove the transversahty conditions (4.5 1. 
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5. Geometric complex and integration map 

In this section we introduce the geometric complex associated to a Morse-Smale 
pair {h, X). Using that the unstable manifolds of the vector field X admit a com- 
pactification with the structure of a smooth manifold with corners we then define a 
morphism between the de Rham complex and the geometric complex by integrating 
forms on unstable manifolds. This map can be proven to induce an isomorphism 
in cohomology. 

5.1. Coherent orientations and coverings. In this subsection we discuss some 
additional notions and results needed for defining the geometric complex. 
Orientation of a manifold with corners: Let M be a smooth manifold with corners 
of dimension n. Denote by det(M) — )■ M the vector bundle of rank 1 whose fibre at 
X G M is the n'th exterior product X^T^M of the tangent space T^M. As already 
mentioned in Subsection |3.2| an orientation of M is an equivalence class of a 
nowhere vanishing sections where two smooth sections cr j : M — > det(M) (j — 1, 2) 
are said to be equivalent if there exists a positive smooth function A : M — >■ E>o so 
that cri(x) — X{x)(T2{x) for any x £ M. Moreover, at the end of Subsection ?? we 
have seen that the Cartesian product Mi x M2 of smooth manifolds with corners 
Mj with orientation Oj (j = 1, 2) admits a canonical orientation Oi ® O2, referred 
to as the product orientation of Oi and O2. 

Coherent orientations: Let (/i, X) be a Morse-Smale pair. Recall that for any 
v,w £ Crit(/i) with W~ 7^ 0, 'B{v, w) is defined as the space of (broken and 
unbroken) trajectories from v to w and is endowed with a canonical structure of a 



smooth manifold with corners - see Theorem 4.3 Its interior do'B{v, w) is given by 



the space T(u, w) of unbroken trajectories from v to w. 

Lemma 5.1. In the above set-up, 7{v,w) and hence 'B{v,w) are orientahle. 

Proof. Recall that the unstable manifold W~ is diffeomorphic to and hence 

orienta ble. Further recall that W~ is the interior of W~ ^d^W^ — . By 
it then follows that as well as dkW~ {k > 1) are orientable. As 



3.5 



Lemma 

7{v, w) X W~ is contained in diW~ and T(w, w) is the interior of ^(w, w) it follows 
that 'J{v,'w) and hence 'B{v,w) are orientable as well. □ 



The following concept of coherent orientations will be important in Subsection |5.2| 
for constructing the geometric complex. 

Definition 5.1. A collection {Ouw} of orientations Ouw of7{u,w) (or equivalently 
of'B{u, w) ) for u, w in Crit(/i) with T(u, w) ^ $ is said to be a collection 0/ coherent 
orientations]^ if for any three critical points u,v,w of h with 'J{u,v),7{v,w) , and 
7{u,w) nonempty, the product orientation 0„„ (g) 0^^, on 7{u,v) x T(w,w) is the 
opposite of the one canonically induced by the orientation Ouw on 'B{u,w) when 
viewing T(u,w) x 7{v,w) as a subset of di'B{u,w). 

Choose for any unstable manifold W~ an orientation 0^. By the procedure ex- 



plained in the proof of Lemma 5.1 0„ induces in a canonical way an orientation 



on 'J{u,w) for any w £ Crit(/i) with 7(u,w) 7^ 0. In the sequel we denote this 



^The c once pt of coherent orientations has been used in the framework of Floer theory by Floer 
and Hofer 131. 
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orientation by 0„^ = 0„^(0„ ) to indicate that it is derived from the orientation 

Proposition 5.2. Assume that {h,X) is a Morse-Smale pair and choose for any 
u e Crit(/i) an orientation 0~ ofW~. Then {Ouw = Ouu,(0~)} is a collection of 
coherent orientations. 

Proof. Let u,v,w € Crit(/i) so that T(u, u), T(w, uj) and 1{u,w) are not empty. 
Denote by Ouvw the orientation on 'J{u,v) x 7{v,w) C 9i25(w, it;) induced from 



'B{u, w) in a canonical way as explained in the proof of Lemma 3.5 (iii) by viewing 
T(w, v) X 7{v, w) as a subset of 9i23(m, it;). It is to prove that Ouvw — —Ouv ^ O^w 
The manifold 'J{u,v) x 'J(w,w) x , being a subset of d2W~ , is contained in 
di (23(u, ■(«)) X as well as in T(m, v) x Denote by 0*^^^ and 0^^^ the orien- 

tations on 7{u, v) X T(w, w) x induced from the orientations on di {'B{u, w)) x 
and 7{u,v)xdiW~ , respectively. Following the procedure explained in the proof 



of Lemma 



3.5 



(iii) one sees, that 0^^^ = Ouv'SiOvw'SiO~ whereas 0^^^ = Ouvw'^Ol 
Hence Ouvw = —Ouv'^Ovw if and only if O'^-* — —0^'^\ To prove the latter identity, 
choose t(j) € O^-J) {j = 1,2) and let j: e 7{u,v) x T(u, ti;) X Wuj be an arbitrary 
point. Then there exist 

a e T,{nu,w) X W-) n e(y) C T,{W-) 

and 

6 e T,{7{u, v) X w^-) n e(r) c t,{w-) 

so that both, a and b, are transversal to T^{7{u,v) x T(t;,w) x W~). Here C(y) 

As 



3.1 



denotes the cone of directions tangent to at y - see Subsection 

rj.(25(w, w) X W^) 7^ Tj('J(u, w) X Vi^~), a and h are linearly independent. Hence, by 
the definition of O^-'^ there exist tj > so that cr(y) = <ir'^^^(j:) A a Ab and a{f) — 
i2r(2) (y)A6Aa where cr e 0;;. Thusr(i)(y) = -T(2)(y). Asy e T^u, t>)xT(u, u;)xM^- 
is arbitrary we have shown that t'-^^ = —t'-^K □ 



Using Proposition [5]2] Stokes' theorem as stated in Theorem |3.6| leads to a formula 
which we will use below. Recall that for any given v,w Crit(/i) with i{v) ~ q and 
i{w) = g — 1, 'J{v,w), if not empty, is a smooth compact manifold of dimension 
i{v) — i{w) — 1 = 0. Hence it consists of finitely many elements and the determinant 
bundle det{7{v,w)) — 7{v,w) is canonically isomorphic to the trivial line bundle 
7{v,w) X M 7(v,w). In this case an orientation of 7{v,w) is represented by 
a function 'J{v,w) — {±1}. Denote by 5(7) € {±1} the sign representing the 



orientation at 7 G Tiv, w) as given by Proposition 5.2 



Proposition 5.3. Assume that M is a smooth manifold and (/i, X) a Morse-Smale 
pair. Let v G Crit(/i) be a critical point of index q and let u be a smooth {q~ \)-form 
on M. Then 

ilidoj) -EE ^(^) / _ (5.1) 

W<V ^IZ'J{v,w) ^™ 

where iv ■ Wy — >■ M and iw '. — >■ M are the natural inclusions. 
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Proof. As ildui = diluj one has 

where : W~ -> M is the smo oth extension of the e mbe dding i„ : ^ M - see 
Theorem 



4.4 



(iii). By Theorem 4.3 (ii) and Theorem 4.4 (ii), diW^ is given by the 



disjoint union U„<„T(u, w) x W.^ . Hence by Theorem 3.6 (Stokes' theorem) 



(5.2) 



w- Jd,w- 



By Theorem |4.4| (iii) one has 



where : T(z;, w) x — denotes the projection onto the second component 
of the product 7{v,w) x W~ . Hence for any critical point w <v with dim(M^~) < 
— 2, one has i*, , „,„ o i*Lo = as i*„uj = 0, being a (a — l)-form on a manifold 
of dimension strictly smaller than q—1. As a consequence, we need only to take the 



sum in (5.2) over all critical points w < v with i{w) = q—1. As noted above it then 
follows that T(u, w) is a 0-dimensional compact manifold, hence a finite set. By the 
definition of the orientation of O^w on T(z),i(;) it follows that 0„m (E) 0~ coincides 



with the orientation induced from 0.^, on . Using (5.3) one then obtains 



where £(7) G {±1} defines the orientation Oy^i at 7 G T(u, w). Combining this with 



(5.2), the claimed formula follows. □ 



We remark that the manifolds and T(i;, w) as well as their orientations are the 
same for equivalent Morse-Smale pairs. In particular they do not depend on the 
Morse function but only on the vector field. 

Coverings: Throughout this paragraph, let AI be a smooth manifold and let G be 
a discrete group, i.e. a group with countably many elements, endowed with the 
discrete topology. Assume that G acts on M by diffeomorphisms and that this 
action, denoted by /i, 

^ : G X M ^ M, {g, x) i-> ^(g, x) = g ■ x 

is free and properly discontinuous. It means that for any x,y € AI with y ^ G ■ x 
there exist neighborhoods Ux of x and Vy of y in M so that Ux Ci G ■ Vy — % and 
[/a; n g • J/a; = for any g ^ e where e is the neutral element of G. It then follows 
that M /G is a smooth manifold and the canonical projection p : A[ M/G is a 
local diffeomorphism. 

Definition 5.2. tt : M — > AI is the principal G-covering of a smooth manifold AI, 
associated to fi, if there exists a diffeomorphism 6 : AI /G — >■ AI so that n — 6 o p. 
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Throughout the remainder of this paragraph assume that tt : M — >■ M is a principal 
G-covering. We note that for any x e M, there are an open connected neighborhood 
U oi X and an open connected set U in M so that 7r^^(J7) — UgGG-9 ■ U is a. 
decomposition of it~^{U) into its (open) connected components and tt : g ■ U ^ U 
is a diffeomorphism for any g Cz G. 

Given a Morse-Smale pair {h, X) on M, let h :— h o n be the puUback of the 
Morse function h to M and denote by X := Tr*X the puUback of the vector field 
X to M. Then h is a smooth Morse function, albeit not necessarily proper, with 
(Crit(/i)) = Crit(/i) and i{v) — i (Tr{v)) for any v G Crit(ft,). In addition, X{h) — 
X{h) o TT. In particular, X{h){x) < f or any x in Af\Crit(ft,). Hence {h,X) 



satisfies condition (MSI) of Definition 2.3 Denote by $t(5;) the lift of the solution 

<^t{x) {teR,xe M) of 

j^Mx)=X{^t{x))- Mx)=x 

with the property that <I>o(i) = i- Then $t(i) is defined for all t G M and solves 
^$t(i) = X {^t{x)^ ■ Hence we may introduce the stable and unstable manifolds, 

W~+ and W^, of any critical point v G Crit(/i). We claim that {h^X) satisfies the 
Morse-Smale condition (MS2) of Definition |2.3[ To see it first note that for any 
V G Crit(/i),7r | ^± : — )■ I^^(^) is a diffeomorphism as paths on M originating 
from tt{v) can be lifted to paths originating from -C in a unique way. Further, 
for any w G Crit(/i), tt maps the disjoint union U^g7r-i(iD) ^ bijectively 
onto n W^^. Hence {tt{W^ n M^^)!?/) G tt~^{w)} are disjoint components of 

W~ n (Note that for some w G tt~'^{w),W^ n might be empty.) As 

(/i, X) is assumed to be a Morse-Smale pair, W^^j-j H VK^^, if not empty, is a smooth 
manifold of dimension i{TT{v)) — i{w). Therefore it follows that for any w G tt^^{w) 
with w^nwf ^(d, wr n wf is a smooth manifold of dimension i(7r(w)) — «(?«) = 
i{v) — i{w) and we conclude that and VF!^ intersect transversally. Hence {h,X) 
satisfies (MS2). Together with the considerations above we conclude that {h,X) 
is a Morse-Smale pair except for the fact that h might not be proper. Further 
we conclude that 7{v,w) := {W^ fl W^)/R is a smooth manifold of dimension 
i{v) ~ i(w) — 1 and 

H: |_J 7{v,w) —?' 7{tt{v),w), [7] ^ [tt o 7] 

is a diffeomorphism as well. Finally we introduce the set of (possibly broken) 
trajectories ^[v^w) from w to w where v,w € Crit(/i) 

■B{v,w):= y 7{v,vi)x ...xJ{ii,w) 

■w<Vi<...<vi<v 

and the set of (possibly broken) trajectories originating from 

where for any v,w d Crit(/i) the relation w < v means that i^ii) < i{v) and 
h{w) < h{v) whereas w < v says that w < v 01 w — v hold. For any given 
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V £ Crit(/i) and w G Crit(ft.), the map 11 defined above can then be extended in an 
obvious way to the bijective maps 

and 

: VK^ -> W- 

where as above, v — tt{v). In this way !B({;, w) and W^^ become compact smooth 
manifolds with corners and the extension : — > M of tlic inclusion ^ M 
is smooth. 

Let us summarize our results in the following proposition. 

Proposition 5.4. Assume that n : M ^ M is the principal G-covering of a smooth 
manifold M of a discrete group G acting on M by diffeomorphisms. Further let 
{h,X) be a Morse-Smale pair, h := Hon the pullhack of h by t: and v,w any 
critical points of h with iu < v. Then 

(i) 'B{v,w), unless empty, is compact and has a canonical structure of a smooth 
manifold with corners. 

(ii) 'B{v,w), unless empty, is of dimension i{ti) — i{'w) — 1 and for any < k < 
dim 'B('D, iw) the k-boundary is given by 

dk'B{v,w)= \_\ 7{v,vi)x ...x'I{vk,w). 

tii<Vk<...<vi<v 

(iii) For any critical points v,w with w < v and any v £ Tr^^{v) 

n: IJ 7{v,w) ^7{v,w), 

defined by associating to a solution $. (x) of the vector field X on M its 
projection $.(7r(i)) on M, is a diffeomorphism. 

(iv) For any given v € Crit(ft.) and w G Crit(/i) with w < v := n(v), the above 
map n can be extended in an obvious way to the bijective map 

n = n5^: IJ 'B{d,w)^-B{v,w) 

which is also a diffeomorphism. 

(v) The set := Uis<{j!B(u, tl;) x is a smooth compact manifold with cor- 
ners, the natural extension ofTL to , Hi, : — ?> , is a diffeomorphism 
and the extension iy : — ^ M of the inclusion ^ M is smooth. In 
particular there are at most finitely many critical points w of h for which 
there is a (possibly broken) trajectory from v to w. 

5.2. Geometric complex. Let {h, X) be a Morse-Smale pair in the sense of Def- 
inition |2.3[ consisting of a Morse function /i : M — M and a smooth vector field 
X on a closed manifold M of dimension n and let tt : A/ — > Af be a G-principal 
covering where G is a discrete group. According to Definition |5.2[ this means that 
there exists a smooth, free action of G on Af such that tt can be identified with the 
projection M M/G. 
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In this subsection we define the geometric complex complex. Recall that a cochain 
complex A' = {A\<r) 



A 



-1 <r 



A' 



consists of a sequence of vector spaces A' (possibly of infinite dimension) and linear 
maps : vl* — > ^4*+^ satisfying o rf' = 0. A morphism f : A' ^ B* between 
two chain complexes A* = (^*, d\) and B' = {B'^,dg) consists of a family / — {p} 
of linear maps /* : A* — >■ B^ satisfying d\ 



A' 



B' 



A' A'+^ 



B' 



We denote by Xg :— Critg(ft.) the set of critical points of index q of the Morse 
function h. For any point v G X^, one has the canonical embeddings «J : — >■ M 
of the stable and unstable manifolds of v into M. By Theorem 4.4 (iii), these 
embeddings extend to smooth maps : — > M. In what follows we will often 
suppress the minus superscript, so e.g. we will write for i~ and instead of 

W-. 

Let h := h o tt he the lifting of the function h to M and X :— Tr*X the puUback 
of the vector field X to M. Let by X, := Ciitq{h). Clearly X, — tt~^ (Critq(/i)) 
and the projection tt establishes a difFeomorphism between the unstable manifold 
Wy C Af of a critical point v oi h and Wy C M with v = tt{v). 
To construct the geometric complex associated to a given Morse-Smale pair {h,X) 

1 — >■ Z and 

According to Theorem 



we introduce for any < q < n the incidence functions /g : Xq x Xq 



Xg X Xg_i -> Z as follows. 



4.3 



the space 7{v,w) of 

trajectories from a critical point w G Xg to a critical point w £ Xg_i is in case 
7[v,w) 7^ 0, a manifold of dimension and precompact. Hence T(w,u') consists 
of at most finitely many trajectories. Assume that {0~|w € Crit(/i)} are orienta- 
tions of V E Crit(ft,)} and denote by O^^u the orientation on 1{v,w) so that 
the product orientation on 7{v,w) x W~ coincides with the orientation induced 
from W~ by viewing 7{v,w) x W~ as a subset of the 1-boundary diW~ . By 
Proposition 5.2 {O^tu} is a collection of coherent orientations, i.e. the product ori- 



entation on 7{u, v) X 7{v, w) is the opposite to the one induced from the 1-boundary 
di'B{u,w). For any {v,w) G Xg x Xg_i with 7{v,w) ^ and 7 G 7{v,w) let Oj be 
the orientation induced on the element 7 by the direction of the flow $4. We then 
define £(7) e {1, —1} by 



The incidence functions /g and Iq are then given by 

Iq{v,w):^ e(7) 



and for any u e tt ^{v),w E tt ^{w) 

iq{v,w) := 



E 



S{7T O 7). 



(5.4) 



(5.5) 
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The sums in (5.4 1 and (5.5) count the (finite) number of unbroken trajectories 
between v and w, respectively v and w, in an algebraic way. Recall that by Propo- 
sition 15.41 



{tt o 7 I 7 £ T(-D, w)} C 'J{v, w). 
The following proposition states the basic properties of Ig and Iq. 



Proposition 5.5. (i) For any {v, w) ^ Xq x and g G G, 

Iq{gV,gw) = Iq{v,w). (5.6) 

(ii) For any v £ Xq, the set of critical points w € with Iq{v, w) ^ Q is finite. 

(iii) For any {v,w) G x Xq_i and (v^w) G Tr^^{v) x tt^^{w) 

Iq{v,w) = ^iq{v,gw) (5.7) 



geG 



and 



Iq{v,w) = ^ iq{gV,w). 

geG 

(iv) For any {u, w) G Xg x Xg_2 

^ Iq{u,v)Iq-l{v,w) =0 

and for any {u, w) £ Xq x Xg_2 

^ iq{u,v)iq-l{v,w) ^0. 
5SX„_i 



(5.8) 



(5.9) 



(5.10) 



Proof, (i) Any element g (z G induces a bijection between T({j, w) and 7{gv, gw). 
As t: o gj — TTj it follows from the definition (5.5) of Iq that Iq{gv,gw) = Iq{v,w). 



(ii) By Proposition 5.4 (v) one has 

i[weXq^, I 7{i,w)^i!i} 



< oo. 



(iii) By Proposition 5.4 (v) the projection tt induces a bijection between the disjoint 
union Lig^Q7{v, gw) and 7{v,w), the identity (|5.7|) follows from the definitions of 



/g and /g. Formula (5.8) is easily obtained from i5.6h and (5.7) 



(iv) The identity (5.9) follows from (5.10) by substituting (5.7) and (5.8) into the 



left hand side of (5.9). Hence it remains to prove (5.10). Let (ii.w) G Xg x Xg_2. 



According to Proposition 5.4 23('u, w) is a smooth compact manifold with corners of 



dimension 1. Hence the (finitely many) connected components of 'B(u,w) consist of 
circles and closed intervals. Denote the family of intervals in 23 (u, w) by [^J , £_^] , j G 
J. As these intervals are pairwise disjoint, the broken trajectories (.j' ,£,J ,j G J, are 
all different. The 1-boundary di'B{il,w) of 'B{u,w), given by the (finite) set S = 
€ J}, is thus in bijective correspondance to Ut(m{3)^0 x 7{v,w). 
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(Note that for v e Crit(ft-), with T{u,v) ^ and 'J{v,w) ^ 0, it follows that 
V e Xq_i.) Hence 

^ /g(u,w)/q-i(w, w) = 
= 5Z $Z e(7i" o 7) • e(7r o (5) 

T(C,iD)5<t0 (5eT(5,«}) 



(£(7r o 7+) • e(7r o (5+) + e(7r o 7^- ) • e(7r o (5^. )) 



where for any j G J, (7^*^, (Jj*^) ■ We now prove the identity (5.101 by showing 

that for any j G J, 

e(7r o 7+) • e{TT o S+) + e{-K o 77) . e(7r o (57)) = 0. (5.11) 

To make notation lighter we suppress the subscript j in the sequel. Then (7*, 5^) 
is an element T({t, ■C^) x 7{v'^,'w). Viewing 7{u,'w) as a subset of 7(-k{u),it{'w)) 
we denote by Ouw the restriction of the orientation on T(7r({t), 7r(?Zi)) to 7{u,w). 
It induces in a canonical way an orientation on T(t2, w*) x 7{v^,w) C 9i23({t,i(;) 
which we denote by O^^^i^. As {0„tu} is a collection of coherent orientations (cf 
Proposition 5.2 1 one has 

Further, by definition, we have 

0™± I ^± = e(7'^)0^± and Oj,±a\ ^ e{5^)0s± 

where 0-y± denotes the orientation at 7* given by the flow <i>. Hence 

OuviaL I (^±,5±) = -e(7*) ■ e{5^) ■ ® Os±. (5.12) 

On the other hand, Ouij±w \ is determined in a canonical way by Ouw, 

Oi5±i)|(^±,5±) -f^^O^i^O^i (5.13) 

where cr* G {±1}. As the orientation 0^0*10 | g±-j is defined by using directions 
at which are pointing inwards of the interval and as 0^± and Og± are 

defined by the flow $ it follows that (t+ + cr^ = 1. Thus, by combining (5.121 and 
(5.131 one obtains 

e(7+)-£((5+)+£(7-)-e(r) = 
and identity (5.101 is established. □ 

Let _B be a finite dimensional fc-vector space, with k denoting either the field of real 
or complex numbers, and let p : G — > GL{E) be a representation of the group G. 
For any < q < n denote by 6^ the fc-vector space of maps from Xq to E. The 
group G acts on 

: G X e|; ^ el, {gj)^g-f 

where for any w G Xg 

{9-fm--^p{9)I{9-^-v). (5.14) 
We denote by 6^ the subspace of e|; consisting of all p„-invariant functions, i.e. 
9 ' f = f ioi any g E G. As Xg is finite, is finite dimensional. In the case where 
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E is the 1-dimensional vector space k and p is the trivial representation, we write 
simply C and C instead of C|; and 6^. Clearly, can be interpreted as the (finite 
dimensional) vector space of all functions / : Xg —> fc. 

Furthermore, introduce the linear map 6''. C|, — >■ 6^^^ defined for / € C|;, v e Xg+i 

by 



In a straightforward way it follows from ( 5.7 1 - ( 5.8 1 that the maps S'^ commute with 
the action of the group G. Hence they induce linear maps S'^ : CJ, Cp^^ between 



these vector spaces of G-invariant functions. By formula (5.101 of Proposition 5.5 



^9+1 oS" = 0. (5.16) 

We summarize the results obtained so far in this subsection in the following propo- 
sition. 

Proposition 5.6. Assume that M is a closed manifold, tt : M — > Af a G-principal 
covering where G is a discrete group, {h,X) a Morse-Smale pair and {0~|u G 
Crit(/i)} a collection of orientations of the unstable manifolds {W~\v G Crit(/i)} 
of the vector field X . Further assume that E is a finite dimensional k-vector space 
(k = M. or C) and p : G ^ GL[E) a representation of G. Then C* = (C|;,(5) is 
a cochain complex of G -representations and C* = (C^, a) is a finite dimensional 
suhcomplex. 

We refer to C* = C*((/i,X),0) as the geometric complex associated to the data 
{h,X),0 = {0-}.,p:G^GL{E). 

De Rham: Let M be a smooth, but not necessarily closed manifold. We denote 
by {Q,'{M),d) the de Rham complex. Here Vf^M) is the space of smooth g-forms 
on M , and 

d= d« : f^«(A/) ^ n'i+\M) 

is the exterior differential. 

More generally, assume that tt : M — M is a G-principal covering of a smooth, 
closed manifold M and p : G GL{E) a representation of the group G on a finite 
dimensional fc- vector space E. Let U*{]\/[;E) := n*{M) E denote the space of 
differential forms with values in E. Then the de Rham differential d on n*{M) can 
be extended to the differential ds, mapping U,'{M\E) to Vl'^^{M;E), 

ds = d® Me- 

To make notation lighter we will often suppress the subscript E. The action p.^, of 



G on functions in 6^ defined in (5.14) extends to an action on forms with values in 
E and is again denoted by p^. In particular for any g € G, e € E, and uj e 

g • (w (g) e) := {{g^^y ■ uj) «) pig)e 

where for any g £ G,g* : n'^{M) -> i79(Af) is the map induced by the map 
g : M ^ M,x 1-^ gx, i.e. for any x e M,u! e n'^{M), 

g*uj{x){Ci,- ■ ■ ,Cq) = uj{gx){dig^i, - ■ ■ ,dsgC?) 

for any ^i, • • • , G T^M. This action commutes with the de Rham differential dE- 
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Denote by il'{M, p) the subspace of n'{M; E) consistmg of G-invariant differential 
forms on M with values in E. Let dp be the restriction of the de Rham differential 
(Ie to r2*(M, p). In this way we get the de Rham complex (f2*(Af, p), dp) with 
coefficients in p. 

5.3. Integration map. Let M be a smooth manifold of dimension n,W a. compact 
oriented smooth manifold with corners of dimension q < n and i : W M a smooth 
map. Then one can define the integration map Int = Intw '■ — > k given by 



Intiuj) := / 1*0}. 
Jw 

This is applied to the following situation. Suppose {h,X) is a Morse-Smale pair 
on a closed manifold M, tt : Af -> M a G-principal covering and p : G ^ GL{E) 
a representation of G. For any critical point v G Crit(ft,), choose an orientation 
Oi, of its unstable manifold W~ . As tt : VF^j-j) is a diffeoniorphism for 

any v G Crit(/i), Oy lifts to an orientation Oc of the unstable manifold W.^ of any 
critical point v of h with tt{v) — v. For any < q < n we then define the map 

l^t = l^t^ : Vf^iM-E) el 

as follows: for any Co E J1'^(a7; E), the value of Int^ {Cj) at a point v in Xg :— {v E 
Crit(/i) : i{v) = g} is given by 

Int'{Cj){v) = / iluj = tlij E E. 
As is a compact manifold with corners, both integrals are well defined. 



By Proposition 5.3 (version of Stokes' theorem) one obtains the following identities. 



Proposition 5.7. For any < q < n 

- — . 

(5"^ o Int — Int o 

As a consequence, Int : {n*{M, E),dE) ^ (6^,(5) is a morphism of cochain com- 
plexes. Since Int commutes with the action of G its restriction to (ri*(Af, p), d*), 
denoted by Int, is also a morphism of cochain complexes, 

m:{n'{M,p),ds)->ie;,s). 

Remark 5.1. It can be shown that both morphisms, Int and Int, induce an 
isomorphism in cohomology. 

q+l 

Proof. Let uj E il''{M;E) where < q < n. By the definition of Int one has, 



for any u E Xg+i, 



q+l ~ 

Int {dE(^){v) = / ilidEOj) 



w: 



E E ^w^))/ 



W2 



where for the latter identity we applied Proposition 5.3 (Recall that (h,X) is a 



Morse-Smale pair except for the fact that h might not be proper. However is 
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compact and all arguments in the proof of Proposition 5.4 remain valid.) By the 
definition (5.51 of one gets 



Int {dE(^){v) ^ 2^ Iq^i{v,w)Int (a;)( 



where for the latter identity we used the definition (5.15) of S'^{f){v). This estab- 



lishes the claimed identity. □ 

6. Epilogue 



In his seminal paper 35 , Witten proposed an analytic approach to Morse the- 
ory, inspired by quantum mechanics. Given a Morse function h{x) on a closed 
Riemannian manifold, he introduced the deformed de Rham differential 

d{t) = e-^'^de*'' =d + tdhA. 

As d{t)2 — 0, the space of forms on AI together with this differential defines again a 
complex, referred to as the deformed de Rham complex. The deformed differential 
gives rise to deformed Laplacians 

A,(i) = <(t)d,W + dg-lW<-lW, 

acting on g-forms on M; here dq{t) is the restriction of d{t) to the space of g-forms. 
It turns out that for t sufficiently large, the spectrum of Ag(t) splits into two parts, 
one of which lies exponentially close to and consists of finitely many eigenvalues, 
whereas the other one consists of infinitely many eigenvalues and is contained in the 
half line [Ct, oo) for some constant C > 0. For such a t, let ^g^^i^) the space of 
q- forms, spanned by the eigenforms of Aq(<) corresponding to exponentially small 
eigenvalues. Witten showed that the dimension of A|^(i) equals the number of 
critical points of h{x) of index q. As dq{t) maps A|,,^(t) into A|+^(t), it follows that 
^sm(^) is a subcomplex of the deformed de Rham complex, sometimes referred to 
as the small complex. Suppose now that the gradient vector field X = — grad/i sat- 
isfies the Morse-Smale condition. As explained in Section 5, the cell decomposition 
provided by the unstable manifolds, W~ , v € Crit(/i), leads to a complex of finite 
dimensional vector spaces. The grading of the complex is provided by the index 
of the critical points and the chain maps are defined in terms of the trajectories 
(instantons) between critical points whose indices differ by 1 and a coherent orien- 
tation on spaces of trajectories between two critical points of h. The corresponding 
cochain complex is called the geometric complex. Actually, according to 19 , or 



more recently 37 , it can be shown to be a CW complex. Witten conjectured that 



this complex is isomorphic to the small complex. His conjecture was first proved 



by Helffer and Sjostrand 15 . Using methods of semiclassical analysis, they anal- 
ysed in detail the restriction of the deformed de Rham differential to the small 
complex. Later on, Bismut and Zhang |2| discovered that the integration map pro- 
vides an isomorphism of complexes between the small complex and the geometric 
complex. In this way, they could simplify the arguments of Helffer and Sjostrand 
and provide a new proof of de Rham's theorem which says that the integration 
map induces an isomorphism between cohomologies. The present paper provides 
important elements of the topological part of the so called Witten-Helffer-Sjostrand 
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theory, which will be treated in our book ^ in preparation, together with some of 
the applications of this theory in topology and geometric analysis. 
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